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THEORY OF MOTION OF THE PLANET PLUTO. 
PART I. 

PLUTONIAN PERTURBATIONS OF THE FIRST ORDER 
WITH RESPECT TO PEFiTUFBING MASSES. 

Sh. G. Sharaf  

ABSTRACT. A f t e r  t h e  P lu ton ian  p e r t u r b a t i o n s  of t h e  f i r s t  o r d e r  
by t h e  f o u r  l a r g e  p l a n e t s  w e r e  determined,  a p re l imina ry  i m 
provement of Bauer 's  e lements  w a s  performed, based on observa
t i o n s  made between 1914 and 1951. I n  t h i s  r e p o r t  Newcomb's 
method of expanding t h e  p e r t u r b a t i o n  f u n c t i o n ,  t h e  methods of 
c o n t r o l l i n g  t h e  o p e r a t o r  c o e f f i c i e n t s ,  and t h e  technique  f o r  
c a l c u l a t i n g  t h e  expansion c o e f f i c i e n t s  of t h e  p e r t u r b a t i o n  
func t ion  on a n a l y t i c  computers are o u t l i n e d .  Methods f o r  de t e r 
mining t h e  p e r t u r b a t i o n s  of  t h e  loga r i thm of t h e  r a d i u s  v e c t o r ,  
l e n g t h  of t h e  o r b i t ,  l e n g t h  of t h e  node and i n c l i n a t i o n ,  and t h e  
cons t an t s  of  i n t e g r a t i o n  are g iven ,  as w e l l  as t h e  p e r t u r b a t i o n s  
by Neptune between 1912 and 1955. A summary of  t h e  P lu ton ian  
obse rva t ions  and o f  t h e  normal p o s i t i o n s  is p resen ted ,  as w e l l  
as a method f o r  c o r r e c t i n g  t h e  elements  app l i ed  t o  P l u t o  and 
t h e  new P lu ton ian  elements .  The appendix con ta ins  t h e  symbolic 
expansion of t h e  p e r t u r b a t i o n  func t ion ,  a t a b l e  of  o p e r a t o r  
c o e f f i c i e n t s ,  t h e  p a r t i a l  va lues  of t h e  o p e r a t o r s  f o r  computing 
c o r r e c t i o n s  f o r  t h e  second t e r m ,  and some e r r o r s  i n  t h e  expres
s i o n s  f o r  Newcomb's o p e r a t o r s .  

INTRODUCTION 

The problem of t h e  s tudy  of motion of t h e  l a r g e  p l a n e t s  i s  one of t h e  
b a s i c  problems i n  celest ia l  mechanics. 

The c lass ica l  methods of ce les t ia l  mechanics developed i n  t h e  e igh teen th  
and n ine teen th  c e n t u r i e s  w e r e  in tended  p r e c i s e l y  f o r  t h e  s o l u t i o n  of t h i s  
problem. A s  t h e  r e s u l t  o f  works by Laplace,  Leverrier,  Newcomb, and H i l l ,  
c o n s t r u c t i o n  of t a b l e s  of motion of  t h e  e i g h t  l a r g e  p l a n e t s  had been funda
menta l ly  completed by t h e  beginning  of t h e  n i n e t e e n t h  century .  A t  p r e s e n t  
t h i s  problem i s  aga in  becoming urgent .  The d iscovery  i n  1930 of t h e  n i n t h  
l a r g e  p l a n e t  of our  system (Plu to)  r e q u i r e s  t h e  c o n s t r u c t i o n  of  i t s  a n a l y t i c a l  
theory  of motion i n  j u s t  as a c c u r a t e  a form as t h e  o t h e r  l a r g e  p l a n e t s .  

I n  1946- t h e  I n - s t i t u t e  of T h e o r e t i c a l  Astronomy inc luded  i n  i t s  agenda t h e  
*Numbers i n  t h e  margin i n d i c a t e  pag ina t ion  i n  t h e  f o r e i g n  text.  
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e l a b o r a t i o n  of  t h e  a n a l y t i c a l  theory  of P lu ton ian  motion. We p r e s e n t  h e r e  t h e  
f i rs t  p a r t  o f  t h i s  work, t h e  de te rmina t ion  of t h e  p e r t u r b a t i o n s  of t h e  f i r s t  
o r d e r  w i th  r e s p e c t  t o  t h e  pe r tu rb ing  masses. 

Before proceeding t o  t h e  expos i t i on  of  t h e  theo ry ,  l e t  us b r i e f l y  cons ide r  
c e r t a i n  works i n  r ega rd  t o  P l u t o  which appeared i n  p r i n t  a f t e r  i t s  d iscovery .  

The Lowell Observatory r epor t ed  t h e  d iscovery  of  P l u t o  on 13 March 1930, 
and as e a r l y  as March and A p r i l  of t h a t  y e a r  many astronomers  had p resen ted  
v a r i o u s  systems of i t s  elements .  The number of  systems exceeded f o r t y  by 1931, 
b u t  no t  a l l  works on t h e  de te rmina t ion  of P lu ton ian  elements  are of equa l  va lue .  
P a r t i c u l a r l y  noteworthy among them are t h e  e lements  determined by Bower, 
Nicolson and Mayall, and Zagar. 

On 15 A p r i l  1930, Bower and Whipple (1930a) publ i shed  P lu ton ian  elements 
which w e r e  determined from t h r e e  obse rva t ions  i n  1930 and which w e l l  s a t i s f i e d  
t h e  twenty-four obse rva t ions  i n  t h e  same yea r .  A s  new obse rva t ions  w e r e  com
municated, t he  au tho r s  co r rec t ed  t h e i r  e lements  and each t i m e  they gave an 
ephemeris f o r  t h e  preceding  yea r s  based on t h e  improved new elements .  The i r  
ephemerides l e d  t o  t h e  d iscovery  on o l d  photographic  p l a t e s  of  obse rva t ions  i n  
1919, 1921, and 1927. On 1 7  June 1931, Bower and Whipple (1930b) publ i shed  a 
system of elements (Table  1 )  , t h e  e igh teen th ,  accord ing  t o  t h e i r  numerat ion 
de r ived  by improving t h e  preceding  system from t h e  obse rva t ions  of 1919, 1927, 
and 1930. I n  o r d e r  p a r t i a l l y  t o  t ake  i n t o  account  t h e  p e r t u r b a t i o n s ,  t h e  
masses of a l l  t h e  l a r g e  p l a n e t s  w e r e  i n  t h i s  case added t o  t h e  m a s s  o f  t h e  sun ,  
i n  o t h e r  words, t h e  magnitude k 1 / 1  4-~m-O-017213628  w a s  t aken  i n s t e a d  of t h e  

Gaussian cons t an t .  From t h e s e  elements w a s  g iven  an ephemeris of P l u t o  from 
1890 t o  1930 and f o r  t h e  oppos i t i on  of 1930-1931. On 2 8  A p r i l  1931, Bower 
gave h i s  n ine t een th  b a r y c e n t r i c  system of t h e  elements  (Table 1 )  de r ived  
by c o r r e c t i n g  t h e  e i g h t e e n t h  system from obse rva t ions  i n  t h e  oppos i t i ons  of  
1914-1930. To account  f o r  t h e  p e r t u r b a t i o n s  by t h e  fou r  l a r g e  p l a n e t s  ( J u p i t e r ,  
Sa turn ,  Uranus, and Neptune), t a b l e s  of p e r t u r b a t i o n s  of  t h e  r e c t a n g u l a r  co
o r d i n a t e s  were computed, i n  which t h e  o r i g i n  of t h e  coord ina te s  w a s  p laced  a t  
t h e  c e n t e r  of  g r a v i t y  of t h e  system; t h e  sun  ( t o  t h e  m a s s  of which w e r e  added 
t h e  masses of t h e  f o u r  i n n e r  p l ane t s :  J u p i t e r ,  Sa tu rn ,  Uranus, and Neptune). 

Ephemerides of  P l u t o  w e r e  computed on t h e  b a s i s  of  t h e s e  e lements ,  t a k i n g  
i n t o  cons ide ra t ion  p e r t u r b a t i o n s  by the  fou r  p l a n e t s  (numer ica l ly)  which w e r e  
p r i n t e d  u n t i l  1935 i n  t h e  Lick Observatory B u l l e t i n ,  from 1935 i n  t h e  B e r l i n e r  
Astronomisches Jahrbuch ( B J ) ,  and from 1950 i n  The Nau t i ca l  Almanac (NA), The 
American Ephemeris, and i n  o t h e r  as t ronomica l  annuals .  

I n  1951, i n  Astronomical Papers ,  Ecker t ,  Brouwer, and Clemence publ i shed  
eleven-place h e l i o c e n t r i c  coord ina te s  of t h e  f i v e  o u t e r  p l a n e t s  a t  40-day 
i n t e r v a l s  f o r  t h e  pe r iod  from 1653 t o  2060. The coord ina te s  were de r ived  
by numerical i n t e g r a t i o n  on high-speed e l e c t r o n i c  computers under t h e  d i r e c t i o n  
of Ecker t ,  Brouwer and Clemence. I n  t h e  case of  P l u t o  t h e  o r i g i n a l  e lements  
taken  were those  of Bower (n ine teen th  system). 

-16 
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Nicolson and Mayall i n  November of 1930 presented  a system of e lements  
der ived  from obse rva t ions  i n  1919, 1921, 1927, and 1930. They numer ica l ly  de
r i v e d  t h e  p e r t u r b a t i o n s  by t h e  f o u r  l a r g e  p l a n e t s  i n  r e c t a n g u l a r  h e l i o c e n t r i c  
coord ina te s .  Nicolson and Mayall p r i n t e d  two i d e n t i c a l  systems -- b a r y c e n t r i c  
a n d - h e l i o c e n t r i c  (Table l ) ,  t h e  va lues  of which w e r e  very c l o s e  t o  Bower's ele
ments. 

These elements  w e r e  l i s t e d  i n  The American Ephemeris u n t i l  1950. 

On 23  November 1930, Zagar publ i shed  P lu ton ian  elements ob ta ined  
from e i g h t  obse rva t ions  du r ing  f ive oppos i t i ons  (1919-1930). I n  order t o  account  
f o r  p e r t u r b a t i o n s  by Uranus and Neptune h e  compiled s p e c i a l  t a b l e s  of p e r t u r 
b a t i o n s  i n  r e c t a n g u l a r  coord ina te s .  A s  the o r i g i n  o f  coord ina te s  he took  t h e  
c e n t e r  of g r a v i t y  of  t h e  sun  and of t h e  s i x  p l a n e t s :  Mercury, Venus, Ea r th ,  
Mars, J u p i t e r ,  and Sa turn .  The publ i shed  elements are i n  terms of t h e  c e n t e r  
of t h e  sun weighted by the  masses of t h e  six planets .  

Table 1 g ives  the  above-mentioned systems of t h e  elements  of  P lu to .  

TABLE I .  SYSTEMS OF ELMENTS OF PLUTO G I V E N  BY VARIOUS AUTHORS 
(Al l  e lements  i n  t e r m s  o f  t he  e c l i p t i c  and equinox of 1930.0) 

- _  __... - - . _ _  
Bower & Bower Nicolson & Nicolson & I &gar (helio

ln whi pple (&r ycentr ic b y a l l  (helio- k y a l l  (lary- lcentr ic  ele- 1
-P 
C (heliocentric elements XIX; centric ele- centric ele- ments; epoch , 
W 
8 elements XVIII moment of oscu- .merits; moment ments; moment and osculation, 
W 

r-i la t ion 1930 ' o f  osculation of osculstion 1930 A p r i l
4 September 20.0) 1930 Jan 7.0), 1930 Jan 7.0) 1.0) 

~. ~- . .__
~ 

T 1989 Feb. 27.473 19s9 O c t .  0.0344 1989 Oct. 2.03 1989 N O ~ .6.98 I M o  -:274"3'15."4 
w 113" 8'26." 1 113-32' 0:O 113" 1'41."3 113.52'50."6 113" 8' 0:5 

ar 109 21 36.9 109 21 44.2 109 21 39.4 109 21 43.7 109 21 38.9 
17 S 57. 1 17 8 41.6 

ll 39.59673 39.517738 
e 0.253741 1 0.248644 
I1 14."2498 14,"283 
I' 249.1661 I 248.43015 

In 1935 Roure began t o  p r i n t  h i s  work on t h e  a n a l y t i c a l  t heo ry  of P lu ton ian  
motion (Roure, 1935, 1936, and 1937). H e  used H i l l ' s  method i n  t h e  form given  
t o  i t  by Andwaye. I n  t h i s  case t h e  r o l e  of t h e  Moon is played by P l u t o ,  t h a t  
o f  t he  Sun by Neptune, and t h a t  of  t h e  Ear th  by t h e  Sun. A s  t h e  i n i t i a l  so lu
t i o n  an in t e rmed ia t e  o r b i t  is t aken ,  where e c c e n t r i c i t y  and i n c l i n a t i o n  of 
P l u t o  are se t  equa l  t o  ze ro ,  wh i l e  i n  t h e  p e r t u r b a t i o n  f u n c t i o n ,  moreover, 
those  t e r m s  are d iscarded  which depend on e c c e n t r i c i t y  and i n c l i n a t i o n  of 
Neptune and on t h e  r a t i o  of  t h e  major  semiaxes. Roure d e r i v e s  h i s  s o l u t i o n  
i n  r e c t a n g u l a r  coord ina te s  p re sen ted  as t r igonomet r i c  series wi th  a pe r iod  of  

2% 
n' 

, where t h e  c o e f f i c i e n t s  w i l l  b e  a r ranged  in powers of 
n 
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Subsequently Roure, proceeding from t h i s  b a s i c  s o l u t i o n ,  sought correc
t i o n s  f o r . i t  depending on t h e  e c c e n t r i c i t i e s  and i n c l i n a t i o n s  of P l u t o  and 
Neptune. Here t h e  r a t i o  of t h e  major semiaxes is  given a numerical  va lue  from 
t h e  very beginning. 

The f i n a l  s o l u t i o n  is sought i n  t h e  form of series i n  powers of 
eccentricit ies and i n c l i n a t i o n s .  

To determine t h e  p e r t u r b a t i o n s  by t h e  o t h e r  p l a n e t s ,  Roure sets up equa
t i o n s  f o r  t h e  p e r t u r b a t i o n s  of t h e  i n i t i a l  coo rd ina te s ,  t ak ing  i n t o  consider
a t i o n  o r t h e  r i g h t  s i d e  t h e  terms of t h e  p e r t u r b a t i o n  r u n c t i o n  which depend on 
t h e  a c t i o n  of t h e  o t h e r  p l a n e t s .  The equa t ions  a r e  so lved  by success ive  ap
proximations.  

Roure d i d  n o t  c a r r y  h i s  work t o  conclusion.  H e  de r ived  only fou r  i n t e r 
mediate o r b i t s  of P l u t o  f o r  t h e  combinations of P l u t o  and t h e  fou r  o u t e r  p lane ts ,  
and determined t h e  i n e q u a l i t i e s  i n  P lu ton ian  motion under t h e  e f f e c t  of Neptune 
which are dependent on t h e  f i rs t  degree of P l u t o n i a n  e c c e n t r i c i t y  and i n c l i n a t i o n .  

I n  a d d i t i o n ,  Roure (1940a, 1940b, and 19GOc) publ ished t h r e e  works devoted 
t o  the determining long-period i n e q u a l i t i e s  i n  P l u t o n i a n  motion. 

Thus, as is ev iden t  from t h e  above-given survey of t h e  l i t e r a t u r e ,  t h e r e  
is  a t  t h e  p r e s e n t  t i m e  no a n a l y t i c a l  theory of P lu ton ian  motion; b u t  t h e  com
p i l i n g  of such a work i s  now completely j u s t i f i e d  and real is t ic .  

This theory w i l l  g i v e  n o t  only good elements and ephemerides f o r  P l u t o ,  
b u t  a l s o  t h e  oppor tun i ty  t o  form a concept of t h e  g e n e r a l  n a t u r e  and f e a t u r e s  
of P lu ton ian  motion. The obse rva t ions  of P l u t o  embrace a pe r iod  from 1914 t o  
t h e  p re sen t  t i m e .  The arc t r a v e l e d  by P l u t o  i n  t h i s  pe r iod  amounts t o  about 
50" i n  mean long i tude .  Although t h i s  a r c  i s  s m a l l ,  t h e  elements der ived on 
i t s  b a s i s  w i l l  be s a t i s f a c t o r y  because P l u t o  moves slowly and experiences only 
s l i g h t  p e r t u r b a t i o n s  by t h e  l a r g e  p l a n e t s .  Therefore ,  i n  t h e  future, after more 
p r e c i s e l y  rendering t h e  values  of t h e  elements and mass of P l u t o ,  i t  w i l l  be 
p o s s i b l e  t o  in t roduce  sma l l  c o r r e c t i o n s  i n  t h e  p e r t u r b a t i o n  t a b l e s .  

The Leplace-Newcomb method, which has  completely j u s t i f i e d  i t s e l f  i n  t h e  
c o n s t r u c t i o n  of t h e  theory f o r  t h e  l a r g e  p l a n e t s ,  has  been used i n  t h e  p r e s e n t  
work as t h e  foundat ion f o r  determining p e r t u r b a t i o n s  i n  P lu ton ian  coord ina te s  
by J u p i t e r ,  Sa tu rn ,  and Uranus. 

I n  t h e  expansion of t h e  p e r t u r b a t i o n  f u n c t i o n  w e  have r e t a i n e d  t h e  method 
of Newcomb's o p e r a t o r s  i n  a form corresponding t o  expansion i n  m u l t i p l e  mean 
anomalies (Newcomb, 1895a).  

I n  c o n s t r u c t i n g  t h e  theory of the  four  i n n e r  p l a n e t s  Newcomb used h i s  
method of expansion of t h e  p e r t u r b a t i o n  f u n c t i o n  i n  e c c e n t r i c  anomalies 
(Newcomb, 1891a and 1891b),  b e l i e v i n g  t h a t  t h e  series i n  e c c e n t r i c  anoma
l ies  converged more r a p i d l y  than d i d  those  inmean anomalies.  The f i n a l  
expansion of t h e  p e r t u r b a t i o n  f u n c t i o n ,  however, w a s  given by Newcomb i n  t h e  
form of series i n  mean anomalies by pass ing  from some arguments t o  o t h e r s  
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by means of  Bessel func t ions .  Therefore  t h e  advantage of  us ing  expansions 
i n  e c c e n t r i c  anomalies is l o s t .  

I n  de te rmining  t h e  s e c u l a r  p e r t u r b a t i o n s  of t h e  f o u r  i n n e r  p l a n e t s  , Newcomb 
u t i l i z e d  an expansion i n  mean anomalies (Newcomb, 1893). Tnis  same 
method w a s  s u c c e s s f u l l y  used by B. A .  Orlov (1936) f o r  computing c e r t a i n  terms 
of t h e  p e r t u r b a t i o n  f u n c t i o n  i n  h i s  work, Appl ica t ion  of t h e  DeLaunay-Hill 
Method t o  t h e  Case of t h e  Commensurability 3:4 (Tule). 

The s l i g h t  d i sseminat ion  of t h i s  method is  c h i e f l y  expla ined  by t h e  l a c k  
of t a b l e s  of numerical  va lues  of t h e  c o e f f i c i e n t s  i n  t h e  ope ra to r s .  Compilation 
of such tables (given i n  Appendix 11) is one of t h e  impor tan t  p a r t s  of  t h e  
p re sen t  work. When t h e r e  are t a b l e s  of o p e r a t o r  c o e f f i c i e n t s ,  t h e  work i n  ex
panding t h e  p e r t u r b a t i o n  func t ion  and i t s  d e r i v a t i v e s  may be conducted ve ry  
s u c c e s s f u l l y  on a n a l y t i c a l  computers. 

The p e r t u r b a t i o n s  of P l u t o  by Neptune w e r e  der ived  by means of numer ica l  
i n t e g r a t i o n .  A f t e r  determining t h e  f i r s t - o r d e r  p e r t u r b a t i o n s  of P l u t o  by t h e  
fou r  p l a n e t s  i t  w a s  decided t o  make a pre l iminary  improvement of  t h e  elements  
(Bower's e lements ) .  The improvement w a s  made on the  b a s i s  of  obse rva t ions  from 
1914 t o  1951 (twenty-four normal p o s i t i o n s  i n  a l l )  by Ecke r t ' s  modif ied method 
(Samoylova-Yakhontova, 1945). 

The p r e s e n t  work c o n s i s t s  of seven chap te r s  and appendices .  

Chapter I sets f o r t h  Newcomb's method of  expanding t h e  p e r t u r b a t i o n  func- 
t i o n ,  methods of checking t h e  o p e r a t o r  c o e f f i c i e n t s ,  and methods of computing 
t h e  c o e f f i c i e n t s  of t h e  expansion of  t h e  p e r t u r b a t i o n  f u n c t i o n  on a n a l y t i c a l  
computers. 

Chapter I1 sets f o r t h  methods of  determining p e r t u r b a t i o n s  of t h e  
logar i thm of t h e  r a d i u s  v e c t o r ,  l ong i tude  i n  o r b i t ,  l ong i tude  of node, 
and i n c l i n a t i o n ,  and ques t ions  of determining t h e  cons t an t s  of i n t e g r a t i o n .  

Chapter I11 con ta ins  a d e t a i l e d  e x p o s i t i o n  of t h e  u t i l i z a t i o n  of t h e  above-
mentioned methods f o r  determining the  p e r t u r b a t i o n s  of P l u t o  by J u p i t e r .  

Chapters I V  and V b r i e f l y  g ive  the  main s t a g e s  i n  de te rmining  t h e  p e r t u r 
b a t i o n s  of  P l u t o  by Sa turn  and Uranus. 

Chapter V I  g ives  t h e  p e r t u r b a t i o n s  of  P l u t o  by Neptune from 1912 t o  1955. 

Chapter V I 1  g ives  a summary of t h e  obse rva t ions  of P l u t o ,  a summary of 
t h e  normal p o s i t i o n s ,  t h e  method a p p l i e d  t o  P l u t o  f o r  c o r r e c t i n g  t h e  e lements ,  
and new elements  of P lu to .  

I - a symbolic  expansion of  t h e  p e r t u r b a t i o n  func t ion ;  

I1 - t a b l e s  of o p e r a t o r  c o e f f i c i e n t s ;  

I11 - p a r t i a l  o p e r a t o r  va lues  f o r  computing c o r r e c t i o n s  f o r  t h e  second 


term; and 
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I v  - Certain errors i n  the expressions for Newcomb's operators. 

The p resen t  work w a s  accomplished under t h e  g e n e r a l  d i r e c t i o n  of P ro fes so r  
M. F. Subbotin.  S u b s t a n t i a l  a s s i s t a n c e  a t  a l l  s t a g e s  of t h e  computations was  
rendered by G. A .  Petrenko and N. A .  Budnikova. A.  G. Mal'kova a l s o  took 
p a r t  i n  c e r t a i n  computations of t h e  p e r t u r b a t i o n s  by Sa turn .  

U s e  of a n a l y t i c a l  computers f o r  forming t h e  l abor ious  computations w a s  
p o s s i b l e  due t o  t h e  c o n s u l t a t i o n s  of D. K. Kulikov and M. B. Zheleznyak. 

I cons ide r  i t  my p l e a s a n t  duty t o  express  my deep thanks t o  a l l  these 
persons.  
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CHAPTER I 

EXPANSION OF THE PERTURBATION FUNCTION 

1. The Method of Newcomb's Operators  

Expansion of t h e  p e r t u r b a t i o n  func t ion  i n  t h e  case  of c i r c u l a r  motions of 
t h e  pe r tu rb ing  and t h e  per turbed  p l ane t  i s  accomplished 'very simply. The gen
e ra l  case  of e l l i p t i c a l  motion of bo th  p l a n e t s  a l r eady  demands s p e c i a l  methods 
of expanding t h e  main p a r t  of t h e  p e r t u r b a t i o n  func t ion .  One of t h e s e  methods 
i s  t h e  method of ope ra to r s  proposed by Newcomb i n  1870. I n  h i s  l a te r  work 
(Newcomb, 1891a and 1895a) t h i s  method w a s  developed i n  more d e t a i l  and reduced 
t o  t a b l e s  g iv ing  t h e  numerical  va lues  of t h e  c o e f f i c i e n t s  of t h e  ope ra to r s  i n  t h e  
case  where t h e  p e r t u r b a t i o n  f u n c t i o n  
t h e  e c c e n t r i c  anomalies .  The use  of 
t h e  theory  of t h e  motion of t h e  fou r  
ope ra to r s  and d i sc losed  a number of 

w a s  expanded i n  series of multiples of 
t h e  method of ope ra to r s  i n  cons t ruc t i r lg  
inne r  p l a n e t s  proved t h e  expediency of t h e  

advantages i n  t h i s  method over o t h e r  known 
methods of expanding t h e  p e r t u r b a t i o n  func t ion .  

The convenience i n  using e c c e n t r i c  
anomalies ,  however, i s  d e f i n i t e l y  less 
than  t h a t  of us ing  mean anomalies ,  a t  
least  i n  t h e  f i n a l  express ions  of t h e  
p e r t u r b a t i o n s .  It i s  obvious t h a t  con
v e r s i o n  t o  mean anomalies (by t h e  use  
of Bessel func t ions )  a f t e r  t h e  pe r tu r 
ba t ions  have a l r eady  been obtained i n  
t h e  func t ion  of t h e  e c c e n t r i c  anomalies 
t o  a cons ide rab le  measure diminishes  
the  advantages of using e c c e n t r i c  anom
al ies  when expanding t h e  p e r t u r b a t i o n  
func t ion .  Therefore ,  t h e  f i n a l  devel
opment of t h e  method of ope ra to r s  wi th  
r e s p e c t  t o  t h e  expansion i n  mean anom
al ies  is an  important  p a r t  of t h e  

p re sen t  work. This  development i s  of a b s o l u t e  importance,s ince Newcomb, i n  
h i s  work, l i m i t s  h imself  only t o  a gene ra l  a l g e b r a i c  express ion  of t h e  
ope ra to r  c o e f f i c i e n t s .  

But be fo re  proceeding t o  t h e  de te rmina t ion  of t h e  c o e f f i c i e n t s ,  l e t  us 
b r i e f l y  r e c a l l  t h e  b a s i c  i d e a s  of t h e  method of ope ra to r s  i t s e l f .  I n  t h i s  
chap te r ,  as i n  t h e  e n t i r e  work, w e  w i l l  use  t h e  convention of providing 
magni tudesrefer r ing  t o  an o u t e r  p l a n e t  wi th  pr imes,  t h a t  of cons ider ing  t h e  
o u t e r ' p l a n e t  t h e  per turbed  one, and t h a t  of keeping t o  t h e  fol lowing n o t a t i o n :  

M ,  M' - mean anomalies;  
9 ,  a' - l ong i tudes  of t h e  ascending nodes of t h e  p l a n e t s ;  
i, i' - i n c l i n a t i o n s  of t h e  p l a n e t s  t o  t h e  e c l i p t i c ;  
a ,  a ' . - major semiaxes; 
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e, e' - eccentricities; 
n, n' - average daily motions; 
v, v' - true anomalies of the planets; 
E, E' - eccentric anomalies of the planets; 
r, r' - radius vectors; 
my m' - masses of the planets;

N - distance of the common node of the planets from the ascending node 
of the inner planet; 

N' - distance of the common node of the planets from the ascending node 
of the outer planet;

J - mutual inclination; 
n,n' - distances of the perihelia from the common node; 
W, W' - longitudes of planets calculated from the common node; 
L, L' - mean longitudes of planets calculated from the common node; 

H - angular distance between the planets; 
c1 - ratio of major semiaxis of the inner planet to major semiaxis of 

the outer planet. 

The perturbation function in the case of an effect by an outer planet on 

an inner planet has the form: 


From triangle NPP' (see figure), we determine cos H 

cos H = cos W cos W' + sin W sin W' cos J 
or 


cos H = cos (W' - W) - 20 2 sin W' sin W. 
J

If in the perturbation equation we replace cos H by W, W', 0 = sin -2 and 
if we introduce instead of r and r' their logarithms p, p ' ,  we will then derive 
R in the form of a function of p, p ' ,  W', W, and a 

R = R ( p ' ,  p, W', W, a ) .  

In the case of circular motion when e' = e = 0 and, consequently: 

* p=lga,  p"lga', W=L, w-L', 

R will become R o  

R,---I?. . ~  (lga', lga,  L', L ,  6). 

First, let us take a look at the expansion of the main part of perturba
tion function Ro. (The second term r ' c o s H  may be subsequently introduced 

ra 

by comparatively simple transformations.) Since Newcomb's method may use any 

*Translators note: lg=log. 
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. . . . .  ......................... ~ 
. . . . . . . . . . . . . . .  .. -. 

expansion of -a' i n  powers of t h e  mutual i n c l i n a t i o n ,  t h e  r a t i o  of,  t h e  major s e m i -
LO 

axes ,  and cos ines  o f  t h e  arcs which a r e  d i v i s i b l e  by t h e  d i s t a n c e s  of t h e  

p l a n e t s  from t h e  common node, t hen  f o r  	2' w e  w i l l  use  t h e  familiar e x p a s i o n  
A 0  

where a 'Ai ,  a ' B i ,  a ' C i .  . .  are t h e  f u n c t i o n s  of t h e  major semiaxes i n  o .  I f  

w e  take  i n t o  cons ide ra t ion  Lap lace ' s  c o e f f i c i e n t s  b$, then a ' A i ,  a'Bi ... w i l l  
n- 1-

be r ep resen ted  a s  l i n e a r  f u n c t i o n s  of c i = a  6: :n 

The problem now c o n s i s t s  of proceeding from expansion Ro t o  expansion 

R,  by r e p r e s e n t i n g  t h e  c o e f f i c i e n t s  a s  func t ions  of t h e  major semiaxes and of 
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t h e  mutual i n c l i n a t i o n ,  and as series i n  t h e  e c c e n t r i c i t i e s .  For 

t h i s  purpose w e  expand R i n t o  a series i n  powers of ~p‘=p‘--,g:., A?=p-ig:, 

f’.-W’-L’ andf=W-Li . I n  t u r n  t h e s e  magnitudes are f u n c t i o n s  of t h e  eccen
t r i c i t i e s  and of t h e  e c c e n t r i c  o r  mean anomalies.  Consequently, a f t e r  perform
i n g  t h e  a p p r o p r i a t e  o p e r a t i o n s ,  w e  w i l l  be a b l e  t o  r e p r e s e n t  R i n  t h e  form 
t h a t  w e  d e s i r e .  Depending on which anomalies we cons ide r ,  w e  w i l l  d e r i v e  two 
d i f f e r e n t  methods of expanding t h e  p e r t u r b a t i o n  f u n c t i o n .  

From t h e s e  q u a l i t i e s  i t  fol lows t h a t :  

I n  o t h e r  words anv d e r i v a t i v e  t o  R wi th  r e s p e c t  to\j;’, P, W’,, W m y  be 

rep laced  by t h e  corresponding d e r i v a t i v e  wi th  r e s p e c t  t o  l o g  a ’ ,  l o g  a ,  L ’ ,  
and L.  /12 

L e t  us expand R i n t o  t h e  Taylor series. L e t  us cons ide r  t h e  case e’ = 0 ,  

t hen  !q,’=f=O, , and t h e  symbolic expansion of R w i th  r e s p e c t  t o  Apand f w i l l  

be w r i t t e n  as :  

where 

x? x3
exp(x )= l  + x i - - + - 1.2.3 + .  * * ,1.2 

d am-+nR 
and ( ~ ) “ [ ( % ) ~ f ?  must be  s u b s t i t u t e d  f o r  

(a ig a)m (aL)’ 
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W e  w i l l  i n t roduce  t h e  d i f f e r e n t i a t i o n  symbols 

n e n ,  t ak ing  i n t o  c o n s i d e r a t i o n  t h a t  R o = Z A  (s, s‘) exp i (s‘L’ -k sL)  and 

%=E isA ( s ,  s’) exp i (s’L’ -t. s L )  , 
d L  

(here  i=- ) , w e  may rewrite Expression (5) as fol lows:  

R (ig a’, ig a + AP, L‘, L + f, 6)=J’exp ( D~p + isf) A (s, S’) exp i ( s / L /+ SL)  =A=E[I + ( DA P  + i s f i  + &-( D  AP + isf)2 + . . .  ] A (s,s/> exp i (S’L’ +SL). 

For Ap and i f  l e t  us  s u b s t i t u t e  t h e i r  expansions i n  Equation ( 4 ) ,  remove 
t h e  parentheses  and expand t h e  ob ta ined  expres s ion  in powers of e; we 
will then o b t a i n :  

(pl D + i s f , )  (pz D + i s f , )  + (pa D + isf3)] + . . .  A (S,S’> exp i (S‘L‘ fS L ) .  (61 
From the expansions of the logarithm of the radius vector and the eqa

tion of the center in powers of eccentricity and the arcs divisible by the 
mean anomaly, we have for pl ,  pa, . . .and fi,f?,. . .  the following expressions : 

1p1=- - (exp  i M -I- exp- iM) ,
2 

pz=---( 
4
1 

8 
3 exp 2iM + exp--2iM), 

P a r 1 6  (exp  iM + e x p - i M ) - - ( e x p  3iM + exp--3iM),3 	 17
48 

. . . . . . . . . . . . . . . . . . . . . . . . . .  
fi=-i (exp  iM-exp- iM) ,  
f2=-.8 5 i (exp  2iM-exp-2iM),  

fs=, 1 i (exp  iM-exp- iM)-- 13 i (exp  3iM-exp-3iM) 
24 

. . . . . . . . . . . . . . . . . . . . . . . . . . .  
S u s t i t u t i n g  t h e s e  expres s ions  i n  Expression (6 )  we will obtain 

R (Iga’, ~ga + ~ p ,L’, L +f,a) =J’(I - 1 - e (1 -+D 4-s1 exp i~ -+ 
dl84 

Dz+ 



Newcomb c a l l e d  t h e  c o e f f i c i e n t s  of t h e  d i f f e r e n t  degrees of e c c e n t r i c i t y  
and t h e  expansion, which are polynomials of index s and d i f f e r e n t i a t i o n  symbol D,  

o p e r a t o r s ,  and des igna ted  them by ""9 where n i s  t h e  degree of e c c e n t r i c i t y  and 

m i s  t h e  number of t i m e s  mean anomaly M i s  contained i n  t h e  expansion. Then t h e  
expansion R (lga' ,  lga  +Ap, L', L +f,5 )  may be  w r i t t e n  thus:  

R ( Ig  a', p, L', W, o ) = z  enn;(s,D) A (s, s') exp i(s'L' + sl, -+ mM). (7 )  

For t h e  case e ' f O  w e  w i l l  reason as i n  t h e  preceding and d e r i v e :  

where n:,', (s', D')-are oolvnomials o f  t h e  tvne n: (s,D), rqhere D'= 	-. a 
d lg a' 

Symbol D '  is connected by a s imple r e l a t i o n s h i p  w i t h  t h e  symbol D. I n  
f a c t ,  because t h e  p e r t u r b a t i o n  func t ion  i s  a homogeneous func t ion  w i t h  r e s p e c t  
t o  a and a ' ,  t h e  i d e n t i t y :  

dR dR 
a' z-+ a -da = -RJ 

t akes  p l a c e  ; hence , 
( D ' + D ) R = - R o r  D'=-~-D. 

S u b s t i t u t i n g  t h e  va lue  D'=-l-D i n  the  o p e r a t o r s  Il:, (s',D'), we 
o b t a i n  polynomials of another  s o r t  d i s t r i b u t e d  w i t h  respect t o  D ,  

non' 
om' (s', 0). 

The a c t i o n  of o p e r a t o r s  ng\ (s', D)on I lL  (s, D )  A (s,s') may be r ep resen ted  a s  t h e  

a c t i o n  of t h e  complex o p e r a t o r s  nri,(s,s',D)onA (s,s'). Fri,( s ,s', D) are formed by t h e  

term-by-term m u l t i p l i c a t i o n  of s imple o p e r a t o r s n:, (s', D)and n: (s,0). 

From Expression ( 2 )  i t  i s  e v i d e n t  t h a t  s and s '  are n o t  independent.  
I n  f a c t ,  

f o r  the  f i r s t  line w e  have s '  = i, s = - i* 
f o r  t h e  second l i n e  w e  have s '  = i + 1, s = - iy+1; 
f o r  che t h i r d  l i n e  w e  have s '  = i + 2 ,  s = - i + 2 .  . . .  . . . . . . . . . . . . . . . . . . . . . . . .  
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Therefore ,  f o r  each l i n e ,  w e  form i t s  ope ra to r s  dependent only on i and 
D,  and w e  c a l l  t he  ope ra to r s  app l i ed  t o  t h e  f i r s t  l i n e  .(a 'Ai),  t h e  ope ra to r s  

of t h e  zero c l a s s  n:;,; ; t he  ope ra to r s  app l i ed  t o  t h e  second l i n e ,  o r  t o  u2ctBi, 

w e  c a l l  t he  ope ra to r s  of t h e  f i r s t  class n'zi,, and s o  on. 

H e r e  n:l'L,( i , D )  is  der ived  from l'lz;l,( s , ~ ' ,0 )  by r e p l a c i n g  s by - i and s '  /14 
t 

by i; rl':l':,;, (i, 0) is  der ived  from I-i:::n:, (s,s', Dj by r e p l a c i n g  s wi th  - 1 + 1 and s t  

n II tin' 
with  i + 1; ~ W I '  ( i * D )  is der ived  from n;;;l ,(s ,s ' ,D) by r ep lac ing  s by - i + 2 
and s 1  by i + 2. 

Taking a l l  t h e s e  remarks i n t o  cons ide ra t ion  t h e  f i n a l  expansion of t h e  
main p a r t  of t h e  p e r t u r b a t i o n  func t ion  may be w r i t t e n  as: 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  I 

I n  order  t o  de r ive  the  expansion of t he  whole p e r t u r b a t i o n  func t ion  w e  must 
t ake  i n t o  account t he  e f f e c t  of i t s  second t e r m  R1. I n  t h e  case of t h e  ac t ion  

of an inne r  p l a n e t  on an o u t e r  p l ane t ,  

R,= r i  cos H 
rz 

o r  

2D~'A. ,=2a-~(1-z2), EDa'B0=2a-*, (9) 
. . . . . . . . . . . . .  . . . . . . . .  

=~ S D " ~ ' A , ,- ( -2 )ma-2  (1d),iD"a'B,,= - (-2)"'3-',-
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-- 

I 

2 D,a'A -+ l  =~ U - ~ Q ,  ;D,o 2 a'B,= - - 2 c ~ - ~ ~ ,  

2 
ED,h 'A  '-1 = - 4 ~ . - ~ 0 ,  6 D p 2 d B , =  4a- 0, 

. . . . . . . . . . .  . . . . . . . . . .  
m+la-2  Q: 

8 D,D"a'A _. = L 1  = - (-2) in+l %-2 Q, ; D , D ~ ~ C Y B ,4-(-2) 
. . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . . .  

From Expansion (8) may e a s i l y  be der ived  p e r t u r b a t i o n  func t ion  d e r i v a t i v e s  
which o r d i n a r i l y  a l s o  e n t e r  i n t o  the  r i g h t  s i d e s  of t h e  motion equat ions .  

L e t  us  rewrite Expression (8) i n  a somewhat d i f f e r e n t  form: 

2
1 cos (iL' -iL + m'M' 2-m M )a'R- - ~ P ~ ~ p e n e l n '  . 

-1-~ 2 P'z', e"e"' cos [(i -:--1) L' - (i-I) L -i- m'M' -:- m M ]  
.-.2 p";;, cos [(i i-2) L' - ( i - 2 )  L $- m'M' -;-m MI 

. l  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
where 

1111'P ~ ~ l l ~ l ~ ,=- nn,,,,,(i'Ai, 

p , l t l l '  '1111' $aa'& 
mni' - =  n mm i' 

-
plnn '  - , / /m i '  

111 111 - r , l / l )  .d'a'Ci, 
. . . . . . . . . e . ,  


then  
Dn'R ~ L ) P ~ ~ ~ , . e " e ' " 'cos \iL'-.iL . : - m'M' 1 .  m M ]

2 

- ;  r ( D P ' ~ ~ , e " e ' " ' c o s [ ( i - i l ) L ' - - ( i - - l ) L - i - m ' M ' - : - m M ]  
._. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ) 

n'D,R: -2 DJPr',e"e'"' cos [it'-iL --Im'M' -tm M ]1
2 

- . .  D 3 P ' ~ ~ , e n e r n ' c o s
' A  

[(i 4-1) L'- (i-1) L -+ m'M' -+ m M ]  
. . . . . . . . . . . . . . . . . .  . . . . . . . . . . . . . . . ,  

a'-	d' :-2 -iP:i,e"e'"' sin [iL' - iL {-m'M' - f - InMl 
OL' 2 

- +  2 - (i + 1) P':i,e"e'"' sin [(i + 1) L' -(i-I) L +m'M' + m M ]  I
.?-. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  . . ;  1 

+z(i-1) P'zk,e"e'"' sin [(i+ 1) L'- (i-1) L + m'M -C mM] I 
.._. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  1 
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dp' 

-- 

And, f i n a l l y ,  t h e  p a r t i a l  d e r i v a t i v e  wi th  r e s p e c t  t o  t i m e  

d R  __ , when only t h e  t i m e  e n t e r i n g  through t h e  coord ina te s  of t h eD R =  - -4 ~ d R  dw'' dp' d t  dW' d t  
per tu rbed  p l a n e t  i s  t aken  i n t o  c o n s i d e r a t i o n ,  may a l s o  be  w r i t t e n :  

1 1 
I1 '-a'D;R= Tz-(i+m')P:;,e"e'"'sin [iL'-iL + m ' M ' - t m M ]  

+2- (i + 1 fm') P'::.e"e'"' sin [(i + 1) L' - ( i  - 1)  L -+ m'M' +mM] 

+ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
The d e r i v a t i v e s  of t h e  o p e r a t o r s  with respect t o  l o g  a and t o  0, which 

e n t e r  i n t o  these  e x p r e s s i o n s ,  are, a s  i s  e a s i l y  seen ,  

DP:;, = n r i , D d A i ,  

mm'
Dp'fJn' -nI ,,,,,,,nn' D ~ ~ ~ ~ B ~ 
. . . . . . . . . . . . .  

nn' nn'DOP,,, =nmm,D,a'Ai, 
nn'D o P f ~ ~ ~Do$a'Bi,=nmn,, 

. . . . . . . . . . . . . .  
The derivatives wi th  r e s p e c t  t o  log  a and t o  0, of t h e  c o e f f i c i e n t s  of -I 1 6  

expansion of t h e  c i r c u l a r  motion a r e  e a s i l y  de r ived  from Expression ( 3 )  

=D ~ C :- 1 2 (D~c;++' l )  +D ~ ~ J A ~- + D ~ c ~ 
2 

+-3 o 4 ( Dk c5i+2 - 1 - 4Dkc:  -1- Dhc L - ~ )  - . . .  
8 

Dkc:-' + D  k c:,i+l ) +  . . .  
3 4 

. . . . . . . . . . . . . . . . . . . . . . . . .  
DkDDOa'A,-5 D k C i i - l  - i - 4Dkcf - 1 - D . .  

( 3 kc;-? -
D'<D~ oo ? a ' ~ i =  ~ C: k- 30 D~c:-~ - 1 - D~ c;+) + . . , 

3( 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Appendix I g ives  t h e  symbolic expansion of t h e  p e r t u r b a t i o n  func t ion  f o r  
t h e  zero,  f i r s t ,  and second c l a s s e s .  

2 .  	 V e r i f i c a t i o n  and Computation of t h e  C o e f f i c i e n t s  
of t h e  Newcomb Operators 

When determining t h e  numerical  values  of t h e  c o e f f i c i e n t s  of t h e  opera
t o r s ,  v e r i f i c a t i o n  i s  of tremendous s i g n i f i c a n c e .  It is  necessary t h a t  t h e  
v e r i f i c a t i o n  r e v e a l  n o t  only t h e  computational e r r o r s ,  bu t  a l s o  p o s s i b l e  m i s 
p r i n t s  i n  t h e  l i t e r a l  expres s ions  of t h e  c o e f f i c i e n t s  given by Newcomb. L e t  us 
cons ide r  'more throughly t h e  methods of v e r i f i c a t i o n .  

15 




a'F i r s t  v e r i f i c a t i o n .  I f  i n  t he  expansion -, by t h e  Newcomb method, w e  
set e'  = 0 and M'  = M = 0,  then  w e  w i l l  ob ta in :A1 

+ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
On the  o t h e r  hand 

1 

-a' 
= [1-2a(I-e)cos H, +az(l-e)z]]-'l-,

A1 

where 
cos Ho= COS n'COS I7+ sin L7' sin n c o s  J .  

a'I f  i n  t h e  expansion -, f o r  t he  case of c i r c u l a r  motion ( e  = e '  = 0 ) ,  w e  
A 

p l a c e  M = M' = 0 ,  w e  w i l l  have: 

1
a' H + ~3)- = Gcos (i'I7' -in)-= (1 - 2 ~ ~ ~ 0 s  
A0 

= a'Ai cos (iI7'-in) 
+ 02a'Bicos [(i + 1) h" - (i -1) n] 
+ ~ a * a ' C , c o s[(i +2) n'- (i -2 )  n] 
. . . . . . . . . . . . . . . . . . . . . .  

a' 
L e t  us e x p a n d a i n t o  a series of t he  same s o r t :  /17

I 
I 

Ll'--.. 

A ,  
-- I1-22 ( 1  - e) cos H ,  : r ~ . !  ( 1  - e)?]- - -	 \'CYcos (i'n'-in(. (14) 

A 

Expansion (14) may be der ived  from Expansion (13) by s u b s t i t u t i n g  c1 f o r  
a ( l  - e )  o r  l og  c1 + l og  ( 1  - e ) .  

L e t  US express  c o e f f i c i e n t s  G '  by G. For convenience w e  assume E = - l o g  
( 1  - e ) .  m e n :  

G p ( l z ? ) ,  G ' - - - p ( l g ~ - - ~ ) .  

W e  expand G '  i n t o  a Taylor  series i n  powers of 

and w e  expand E wi th  r e s p e c t  t o  powers of e 
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-- 

1e z - l u ( l - e )  -e-l--ee'J--ee"+ 1 . . .  
b 2 I 3  

W e  s u b s t i t u t e  E i n  Expression (6 )  and, des igna t ing  t h e  c o e f f i c i e n t s  of 
t h e  d i f f e r e n t  degrees  of e by K,  w e  o b t a i n  

G'=.(l + Kle -:&ee' -!. . .  .) G. 

Hence 

T . . . . . . . . . . . . . . . . . . . . . . . . . . .  
For 	-!c w e  w i l l  o b t a i n .  two expansions:  (12) and (16) .  Equat ing t h e  terms 

A1 
wi th  t h e  s a m e  powers of  e ,  u2, and i d e n t i c a l  arguments of t h e  cos ines ,  w e  
d e r i v e  : 

.~~n"K, =n;+n:, , K 
I 
:=n'] 

- 1 '1 


K2 
n' . I _  n22.n

-2' K2 = n;' -1no i - n:,,2 ' 0 I '2 

K 
I 
=n;+ j - n:' 

- I  
. '  n3 

-3, ~ , - = n ; ~  '3+ ni3-t- n:, -4-nW3, 
. . . . . . . . . .  . . . . . . . . . . . . . . .  

The va lues  of K may b e  determined by t h e  r ecu r s ion  r e l a t i o n s h i p  proposed 
by Newcomb: 

nK,= -DK;-l, 

where K" is  t h e  r e s u l t  of s u b s t i t u t i n g  D - 1 i n s t e a d  of  D i n  K;  K1 = - D, 

whence are a lso  determined t h e  remaining va lues  of K;  

f( 
I -

.-D 
9 

21Z2 = -D fD', 
G f (  3 '..- -2n .i 302 -.[,:I, i 

24/(,-- -6D : - 11LY-6D:' {- D.', 
12Of(;=--24D 500' -360" -t1OD' - .De, 
720UG---1200 +-274D2-225D3+ 85D4- 150" + D6, 

5040K; - -7200 + 17640'- 1624D3-k7350' - 1750; + 21D6 -Di, i (17) 

40320K,= -50400 + 13068D'- 13132D3+ 6769D4-1960D; + 322fY -280' + D8,,I 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

The o p e r a t o r s  FI:,', are a l s o  v e r i f i e d  i n  a s i m i l a r  f a sh ion :  

1 7  



. . . . . . . . . . .  . . , . . . . . . . . . . . . . .  

K '  i s  der ived  from t h e  express ions  f o r  K by s u b s t i t u t i n g  D f o r  - 1 - D: 

K ; = l +  D,  

21(;=2 +3 0  +D2, 

6Ki=6 + 11D +6D2+D3, 

24Ki=24 +5 0 0  + 35D2-+- 10D3+ D4, 

120K;= 120 4.-2740 + 2250' -185D34.15D4-+ D', 

720&=720 $; 17640 -1- 16240' +- 736D3-t- '175Dp -+21 0'-tD6, 

5040K;=5040 + 130680 + 13132D2+ 6769D3+ 1960D4+ 322D5+ 28D6 + D7, 

40320Ki =40320 -k 1095840 + 118124 D2 + 67284D3+ 22449 D 4$

+4536D5+546D6-+- 36D7+ Os, 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

This method v e r i f i e s  only the  c o e f f i c i e n t s  of t h e  even powers wi th  sub

s c r i p t  i. To v e r i f y  t h e  c o e f f i c i e n t s  of t h e  odd powers o f  t h e  subscripts, a 
second v e r i f i c a t i o n  i s  made. 

Second v e r i f i c a t i o n .  I f  i n  expansion d , by t h e  Newcomb method, we 
A 

set  e' = 0 and M' = 3 ,  w e  o b t a i n  

-0,' = -1 2 (n: COS i [n'-I7 -M]+ e (n:COS [i (n'-n)- (i -1) M]+
*I  2 
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

S e t t i n g  t h e  c o e f f i c i e n t s  of t h e  i d e n t i c a l  powers of e ,  0, and of t h e  
i d e n t i c a l  arguments of t h e  s i n e s  i n  Expressions (20) and (21)  w e  o b t a i n  

1 . . I 'i~ -2i.- -n'+ n' 
1 

-12n:,, 

i~ 3 =- -3n3" 1 -, + 3nY3,3 -n" i. n:' 
. . . . . . . . . . . .  - ,  

i,vk---mi - ( k  -2) ni-, -. . .  
. . . . . . . . . . . .  . ,  

S u b s t i t u t i n g  corresponding va lues  

H , = 2  

2H2=5-40, 

21-1,=6-7L) 3- 2D2, 
24H4=81-1180 + 54D2-80", 

24H,=90-1490 -t- 88D"22D3 $- 20 ' ,  

j. 

1 -1'( i - - 1 ) H y - n " . !  1 ' n" 
( i  - 1) ~ , = - - 2 n ;  -+an;, 

-(i- 1 ) ~ ~ - . - 3 n i : ' - n;?;.r['",-i.3n';l3, 
. . . . . . . . . . . . . . . . . .  

( k  - 2)r1k_,,~-:m:,, 
. . . . . . . . . . . . . . . . . .  

of K in H we obtain 

240HG=575- 17910 + 12400'- 410D3 + 65D4- 4Dj, 
240Hi=3150-62260 1-48530' - 19200" -+ 4100 '  -450 '  + 2D6, 

4032OHB= 187425-3952320;- 3368540' - 151984D3+39410D4-5908Db +-476DG- 16D', 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

The ope ra to r s  p e r t a i n i n g  t o  t h e  o u t e r  p l a n e t  are a l s o  v e r i f i e d  i n  a s i m i 
l a r  f a sh ion .  The va lues  of H' are de r ived  from H by s u b s t i t u t i n g  D f o r  - 1 - D. 
Here 

HI=2, 

2Hi =9 + 4 0 ,  
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2Hi= 15 + 11D +20' , 

24Hi=261 + 2500 +780' + 8 0 3, 
24H;=351 +3990 + 1660' + 30D3+2D4,  

240Hi=4485 + 5781D -+ 2900D2+ 710D3+85D4+4D5,  

720H;= 16605 -+235680 + 135530' +h050D3 + 665D4+ 570' +- 2D6,  

40320Hi= 1117305 + 1715040D + 1095822D2+ 378784D3 4-76650D4+ 9100D5+ 
+588D6+ 16D7,  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
V e r i f i c a t i o n  of Complex Operators .  We have 

9Y1=n;+ n,.-, + - . . n:,,
~I=n,o;:+ n 5 - 2  + . . . no-nl. ]on' 

I f  w e  mul t ip ly  these  two e q u a l i t i e s  w e  o b t a i n  

,,,,,,,I < ~ . / ,  \, nnrr', where m:-n ,  n-2, . . . -11, ni'=tz', n'-2, . . . -d. 
riz ni

K'=-D--D '2 , 
1 1 

2f<111' --= -2D-3D2-D3, 

6K1K~--6U-1 1D2-6D3-D4s 

24U,Yt;=- -24D-50D2-35D3-10D4-D5, 

120KIi<i-= -1 ZOD-274D2-225D3--85D4- 15Di-DG, 

720U1h'Q- -7200-1764D2-1624D3-735D4- 175D5-21D6--D7~ 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

2K2KlI> -D - { - D3,  

4 K2U;= -2D -D' 4-2D3 -kD4 

12K2K~--6D-5D2 +-5D3+5U4+ Di, 

48U2f<;= -240-26D2 4-15D3-1- 25D4+ 9Di -{- D 6 ,  

240K2f<~=-120D--154D2+49D3~-140D4-1- 70D5+ 14DG4D7,  
. . . . . . . . . . . . . . . . . . .  * 1 . . . * ' * . * - 1  

6U3K;==- 2 0  + D2 i-2D3-D4 ~ 

12U3K;,:=- 4 0  4-5D3-D5, 

36U3Ki=--12D-4D2 + 15U3-b5D4-3Li5--U6, 

144U3U~=-48D-28D2 + 56D3 + 35D4-7D5-7D6-D7, 
. . . . . . . . . . . . . . . . . . . . . . . . . . . .  

-/21 
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. . . . . . . . .  

74I(,KI =: -6D t 5D2+.F-D3-5D4 -+ D', 

48K4Ki= -120 -1- 4D2-t15D3--5D4 -+ D 6 ,  

144K4Ki=-360 -1- 49D2-6D4--140" -kD7, 
. . . . . . . . . . . . . . . . . . .  * ,  

120/(5K;= -240 + 2GD2+ 15D3-2404 - 19O5-D" 

240/( 5 K'-- -480 4-28D2 -1- 91 D3-35D4-7G5 + 7D6-D7,
2 

. . . . . . . . . . . . . . . . . . . . . . . . . . . .  
720K,K;- -1200 $- 154D2-k49D3-140D4 9-70Uj-l4D6 4--D7, 

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

Third V e r i f i c a t i o n .  I f  w e  r e p l a c e  D i n  t h e  complex o p e r a t o r s  nri,(i)by 

- 1 - D ,  t hen  w e  o b t a i n  rI:?m(-i), which i n  t u r n  equa l s  n!:t-m(i). i, 

These v e r i f i c a t i o n s  completely guarantee t h e  c o r r e c t n e s s  of t h e  c o e f f i 
c i e n t s  of t h e  o p e r a t o r s .  

I n  Newcomb's method t h e  expansion c;f rthe p e r t u r b a t i o n  func t ion  i s  reduced 
t o  computing t h e  o p e r a t o r s .  When we must have i n d i v i d u a l  t e r m s  of the  expansion 
f o r  any s i n g l e  p a r t i c u l a r  case,  w e  may t a k e  advantage of  methods developed f o r  
numerical  de t e rmina t iou  of t n e  c o e f f i c i e n t s  of t h e  expansion, e . g . ,  I n n e s ' s  
t a b l e s .  I n  our case where i t  was necessary t o  compute o p e r a t o r s  f o r  s e v e r a l  
expansions of t h e  p e r t u r b a t i o n  func t ion  ( P l u t o - J u p i t e r ,  Pluto-Saturn,  e t c )  , 
i t  w a s  decided t o  compile a t a b l e  of numerical  va lues  of the  o p e r a t o r  c o e f f i - /2z 

c i e n t s  f o r  t h e  expansion j n  meam anomalies resembling t h e  table given by 
Newcomb f o r  expansion I n  e c c e n t r i c  anomalies.  

The c o e f f i c i e n t s  i n  t h e  s imple o p e r a t o r s  were d e r i v e d  from expressions 
given by Newcomb." 

The c o e f f i c i e n t s  of  t h e  complex o p e r a t o r s  were determined by mul t ip ly ing  
t h e  corresponding c o e f f i c i e n t s  of t h e  s i m p l e  o p e r a t o r s .  V e r i f i c a t i o n  of t h e  
s imple o p e r a t o r s  w a s  acco'mplished by t h e  f i r s t  and second method. V e r i f i c a t i o n  
of t h e  complex o p e r a t o r s  was accomplished by Formulas (22);  moreover, i n  t h e  com
p l e x  o p e r a t o r s  one of t h e  l i n e s  w a s  computed d i r e c t l y  from Newcomb's formulas.  
Thus we s u c c e s s f u l l y  avoided t h e  cumbersome t h i r d  v e r i f i c a t i o n .  Tables 
of t h e  o p e r a t o r  c o e f f i c i e n t s  were ob ta ined  as fo l lows :  

n ~ i i '  
llll,J1 f o r  t h e  va lues  i = from - 7 t o  + 7 ,  

Zn + n '  = from 0 t o  i7 ,  
2 m  + m' = from 0 t o  + 7;  

,nlJ' 
f o r  t h e  va lues  i = from - 5 t o  + 5 ,nnlnZ, 

2n + n '  = from 0 t o  + 5,  
zm + m' = from - 5 t o  + 5; 

*In Appendix I V  tz c o r r e c t  va lues  of t h e  a l g e b r a i c  expres s ions  of s e v e r a l  
Newcomb o p e r a t o r s  are given. 

22 
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II:,:,' f o r  t he  va lues  i = from - 3 t o  + 3, 
2n + n'  = from - 3 t o  + 3 ,  
2m + m' = from 0 t o  + 3 .  

3. Computing t h e  Der iva t ives  of Laplace C o e f f i c i e n t s  

The va lues  a ' A i ,  a ' B i ,  a ' C i ,  .... and t h e i r  d e r i v a t i v e s  wi th  r e s p e c t  t o  

i
l o g  a, which are l inear  func t ions  of t h e  Laplace c o e f f i c i e n t s  bn o r ,  more 

n-1 
1 - 5 - b:, and,  r e s p e c t i v e l y ,  t h e i r  d e r i v a t i v e s  wi tha c c u r a t e l y ,  of t h e  va lues  c,,Aa 

r e s p e c t  t o  l o g  01,  e n t e r  i n t o  t h e  expansion of t h e  p e r t u r b a t i o n  func t ion .  The 

Lap lace  c o e f f i c i e n t s ,  and consequent ly  ck may e a s i l y  be  der ived  from t h e  t a b l e s  

of Brown and Brouwer (1932). These t a b l e s  wi th  the  argument p:=-----
(1 - a z )  

g ive  

t h e  va lues  of logG'n 	- connected t o  b: by t h e  r e l a t i o n s h i p  
2 

o r ,  s i n c e  w e  need ck,  
,,-I 


To determine t h e  d e r i v a t i v e s  of t h e  Laplace c o e f f i c i e n t s  t h e r e  are s e v e r a l  
methods, two of which, those  of Newcomb (1880) and of Innes (19091, a r e  the  
most i n t e r e s t i n g .  P r a c t i c a l  comparison of t h e  two methods has  shown t h e  clear 
advantage of Innes '  method, e s p e c i a l l y  f o r  l a r g e  va lues  of a .  Here t h e r e  i s  
no need t o  occupy our se lves  wi th  the  d e t a i l e d  deduct ion of t h e  corresponding 
formulas.  Therefore  w e  s h a l l  l i m i t  ou r se lves  t o  adducing a system of formulas 
which g ives  a l l  t h e  necessary  d e r i v a t i v e s  and t h e i r  v e r i f i c a t i o n .  

The Brown and Brouwer t a b l e s  w i l l  g ive  the  va lues  of ci. To determine 
n 

the  f i r s t  d e r i v a t i v e  we have two formulas ,  one of which s e r v e s  as the  v e r i 
f i c a t i o n :  

where 

P - 

and 
i i 

2 3  

I 




For t h e  second d e r i v a t i v e  w e  have formula: 

( D V )c: = p  I2uc: -t c:] . 
W e  s u c c e s s i v e l y  t a k e  t h e  d e r i v a t i v e s  wi th  r e s p e c t  t o  l o g  a, n o t i n g  t h a t  

Dp = 2p (1+ p) , and d e r i v e  ( f o r  b r e v i t y  w e  omit c i )  : 

D (Dz-i?)- p  [ 4 0 '  -1- 5 0  + 2 (1 -?)I, 
D'(D"~')=,D [6D3+ 13D2+(12-4i2)D+4(1--i2)], 
D:'(D'-F))=p [8D4+25D3 + (38-69) D2+(28 -12~~)D +  S(l--i')], 

D' (D'---~')==I)[ 1OD"-+410'  + (88-81') D3+ (104-24i') D2 + (64-32l') D + 
16 (1-i')], 

D2(D'---i')==p [ 120' + 61 D' + (170--1Oi') U 4+ (280-40?) D3+ 
(272-80i2)D2 + (144-801') D + 32 (1-i')], 

D"(D'-i''):p [ 14D' 4-8 5 0 "  + (292-12i2) D5 + (620-60i")D4 -1.
(832-160i') D3+ (688-2401')D2 + (320-192i') D + 64 (1-P)], 

/Ji(D'-i')=p [16Dx+ 113D7+ (462-14i2)Dti+1- (1204-84P)D6+ 
(2072-280i') D4+ (2352-5602) D3 + (1696-672P) D' + 
(704-448i') D + 128 (1-i')], 

Dm(D'--i ' )=~[18D9+ 145Ds+.(688-16i2) D'+ (2128-112i2) D' f 
(4480-4489) Di -1- (6496-1120i') D4+ (6400-17921') D3-+ 
(4096-11921') D'+ (153G-l024i2) D + 25G(I--i2))I, 

IJ!'(D'-i?)==p [20D"J4-181D + (978-18?) Ds + (3504-144i') D7$

(8736-672P) D6+ (15456 - 20161') D' -+ (19392-4032P) D4+ 
(16896-5376P) D3$-(9728-4608i2) U 2+ (3325-2304i2) D + 
512 (1-i')], 

II'"(D'--i')-p [220" +- 221D'" + (1340--20i2) D" -f- (5460-180i2)D8 + 
(15744-960P) D' -+ (32928 -33602) D' 4-(50304 -8064P) D5+ 
(55680-13440i') D' f - (43520-153609) D3+ 
(22784-1 1520i') D2+ (7168-5120P') D + 1024 ( 1  -i2)>, 

U" (U2-i2)=p [24DI2+2650" + (1782-223) Do+ (8140-220P) Uy$

(266G4--1320i2)DDY+(64416-5280i2)D'i+(1 16160-14784i')D6+ 
(156288-29568i') D j  + (154880-42240i2) D4+ 
(109824-42240P) D3-1(52736--2816Oi') D2+ 
(15360-112641')D-t- 2048 (1--l2)1, 

2~ 1 ( ~ ' - - i : )L p  12GDl:l ,. 31301' .; (2312-242) D" - ,  (11704--2G4i2) L)'".: 
(42944-. 1760~')D!' (1 17744--'7920?) Ds , . . 

(244992-253441') D; . j (388G08-5913Gi') D';- /  
(467456.. .1()137Gp!) DL- 1  (419,584--1267201') D ' . ; .  
(272384-1 12G40i') D:J- ,  (120832% 675841') D' , 

( 2 4 )  

124 & 25 
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(32768 --2457W) D - ;  4096 ( I  --1')], 

( ~ ~ - 1 2 ) _ ~ [ ~ ~ 0 1 1u l ~ l  . ; ~3 6 5 p  : (2938--26i')~12 . I - (16328--3i2i2) ; 

(66352- 22881') D"' . (20363%- 1 1440i') D!' :.. 

(480480-4.1 1841')D' - ; - (878592 -109824i') D' : 

(1244672-219648i') LG- f - (1354496-329472i') D5 :. 
(1 11 1552-36G080i') Ddi7 - (6G5600--292864i2) D" 
(274432- 1597441') D2-{- (69632-53248i2) D r' 8192 ( I  --i')], 

DI.I( ~ ' - - i ' ) = ~[30,91j.+ 42101.' - f - (3668-281') D'8- j  - (22204-3641') D" -i

(99008-29121') D'' (336336-16016i')D'" -:-
-(887744-64064i') D9 i - (1839552--192192i') D8- : 

(3001856-43929Gi2) D' + (3843840-768768i') D" - i 
(3820544-1 0250241') D:' -k 
(2888704- 10250241') D" - I  - (1G05632- 745472i') D3 -!
(61 8496 -33727362') D' -:(147456 - 1146882') D - 1 - 16384 (1 -i")], 

Dl:, (Dz-1'):p [32D'" .! 481D'" -;. (4510-301') D14-t- (29540-4201') 0 ' 3  f 

(14341G-3G40i2) D" - ; - (534352-21840P) 0''i 
(1560416-96096i') D'O 7(3615040-320320i') D!' 4
(6680960-8236801') Dh-t- (9847552- 16473601') Di f
(1 1508224-25625601') DG-;-(10529792-30750721') Dz -I
(7383040-279552Oi') D4- 1 - (38297GO- 18636802) D' -;
( 1384448---8601601') L)' f-(31'1296-2457601')D j-32768 ( l -P) ] ,  

Dl" (D2-i')::p [34Dli -+ 5450'"  -t (5472-3212) D'; -k (38560-4801') DI4+ 
(202496.- 4480i' )D" -j- (821 184-29120P) D" f 
(2629120- 1397761') D" ; - (G735872-512512;') t ) I o  ; 

(1391 1040- 14G43201') D3 -1- (23209472-32947201') Ds -:
(31203328-585728Oi') Di -+ (33546240-82001 92P) Dti- 1 
(28442624-89456641') D' k- (18595840-745472OL') D4-+ 
(9043968-45875201') D3 I--(3080192- 19660801') D' -:
(655360-5242881') D -t65536 (1 -i2)], 

(D'-i?)- p  [3(jDl6 .;.. 613017 -;-(6562-34i2) Dl6 $- (49504-54412) DIG 1
(279616-5440i') D'" 4-(1226176-380801') D13 + 
(4271488- 1980161') D" f (1 1994112-7920641") D" - 1 
(27382784-2489344i') 0'' + (51031552-6223360i') D!' + 
(77622272- 12446i20t2)D8+ (95952896- 19914752i2)Di + 
(95335 104-25346048i') D" - :  - ( 7548 10x8 -25346048i') L): .; 

(46235648-194969GOi') D"- j - (21 168128-1 1141120i') D:' 1 
(6815744-44564481') Dz -t(1376256-11141121') D -:
131072 (1-?)I, 

L)I8(D'-i')=P [38DI9-:-6850'8 -;. (7788-3612) Dli .;-(62628-61212) Dll;.;
(378G24-65282) DIG+- (1785408-48960~) 0 1 4  i 
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3 1  

(6723840-274176i') D13 - j  (20537088-1 18809GP ) DI2 - : 
(51371008-4073472i') D" -i- (105797120-1 1202048i') D'" - \ 
(179685376-24893440i') Ut'+ (251 197440-44808192i2) DR- j  

(287440896-65185552i") D' T (266551296-76038144i') DG- I  
(197197824-7018905G~~)D5-1- (1 13639424-50135040i')D' 4
(49152000-26738688i') D" -i-(15007744- 10027008i2))'D24
(2883584-235929Gi2 ) D -t 262144 ( 1  -i2)]. 

W e  use t h e s e  formulas only t o  determine DmcO1 

c a t i o n  of which s e r v e  t h e  

A f t e r  a l l  va lues  Dc;, 

t h e  remaining va lues  p c i
1' 

r e l a t i o n s h i p s :  

Dc:::uDc:,  
2 1( ~ - 1 )  DC+D C, , 

( D - I ) ' D C ; = ~ DC, , 

. . . . . . . . . .  
(D-l)~Dc;=uDm+'c:, 

. . . . . . . . . .  

Dmco1' and Dmci, are determined, w e  may a l s o  f i n d  

from t h e  r e c u r s i o n  formula: 

To determine Dmc; when n > 1 we have t h e  fol lowing two r e c u r s i o n  formu

las ,  one of which may be used for  v e r i f i c a t i o n :  

Thus a l l  t h e  s t a g e s  of t h e  computations a r e  v e r i f i e d  and t h e r e  is no 
need t o  conduct computations a t  second hand. 

4 .  	 U s e  of Ana ly t i c  Computers f o r  Expanding t h e  
P e r t u r b a t i o n  Function and I ts  Der iva t ives  

Expansion of t h e  p e r t u r b a t i o n  func t ion  i s  one of t h e  most l a b o r i o u s  p a r t s  
of  t h e  work i n  c o n s t r u c t i n g  , a n a l y t i c a l  t h e o r i e s  of p l a n e t a r y  motions. Analyt i 
cal  computers can r ende r  g r e a t  a i d  i n  performing t h e  coioputational p a r t  of t h i s  
work. Of p a r t i c u l a r l y  g r e a t  e f f e c t  i s  t h e  use of t h e s e  computing means f o r  
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expanding t h e  p e r t u r b a t i o n  func t ion  by Newcomb's method. The formulas g iv ing  
t h e  c o e f f i c i e n t s  of expansions i n  t h i s  case are such t h a t  they r e q u i r e  no 
s p e c i a l  conversion f o r  t h e  computer. The m a s s  n a t u r e  of t h e  homogeneous 
ope ra t ions  make p o s s i b l e  product ive  u t i l i z a t i o n  of t h e  a n a l y t i c a l  computer and 
Comparatively r a p i d  obtainment of t h e  necessary  r e s u l t s .  

1 I , 
nn' 

,a D t R - - x - ( i  1 k 1- I I L ' ) P ~ ~ ~ ,e"e'"'sin[(i ,-k )  Lf-(i-/z)  L+- m ' M ' t  m M ] ,  1 
where k j.s t h e  number of t h e  ope ra to r  c l a s s ,  and 

(I' D'R -n'R-a'DR. 

The work f a l l s  i n t o  s e v e r a l  s t a g e s .  
(,)nn' ( h y '  (/;)nn'

1. Computation of PI,,,,,. , DP,,,,, , DoPn,n,r. 

2 .  	 Computation of t h e  expansion c o e f f i c i e n t s  CL'R,d D R ,  a'L),R 
C O S  I(i - ; - 12) L'-( i -k)  L - : - NL'M'-;-/tLM]. 

cix dl? 1 
3 .  Computation of expansion c o e f f i c i e n t s  a ' 7 ,  a ' - ,  a'D$ withs i n  I(i-i-k )  L'-(i-k) L 1 - IIL'M' - m M ] .  d l ,  d L  I I  

4 .  Transfer  from expansions wi th  respect t o  arguments [(i ! - k ) L ' - ( i - k ) L  , 
N L ' M  + "1. t o  expansions over  t he  arguments ( j ' M  1 - j M ) .  

W e  w i l l  yause s e p a r a t e l y  on each s t a g e .  

1. A s  w a s  shown i n  Sec t ion  1 of t h i s  chapter :  

P z i  -=FIri,afAi =pOatAi+p ,Da'A, t . . .  -1- pn+n,D"+" '~ /A , ,  
p tnn '  -n/nn' , 1  4-. . .+-p;l+n,nim' - ,,,,,o2ufBi~=po~-afB, Dn+n'

G
2a IB i ,  

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  
e ,  

UP;;, - - n ~ ~ ~ . D a ' A , - p , D a ' A , - t .  Dn+n'+la'A, ,, . - ; - P ~ + ( ~ ,  

mm'-.- n f n n '  . . .+pirSn,,Dp'nn' nlm,D32a'Bi=p,~D3'afBi+ ' pn+n'+l G2n'B,, 
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  

- 9  
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To compute 
p n n '  Dp'"'""' 

and ~ a P ~ ~ ~ ' w e,,," need t a b l e s  of ope ra to r  c o e f f i 

c i e n t s  Po, p1 . . . and t a b l e s  of t h e  d e r i v a t i v e s  of the expansion c o e f f i c i e n t s  

- _
of c i r c u l a r  motion D1a'Ai, DIDaa'Ai,D102a'Bi,DIDOaza'Bi. .. 

Tables of c o e f f i c i e n t s  of ope ra to r s  f o r  va r ious  va lues  of s u b s c r i p t  i 
have been computed and are given i n  Appendix I1 of t h e  p r e s e n t  work. The t a b l e s  
of va lues  of expansion c o e f f i c i e n t  d e r i v a t i v e s  f o r  c i r c u l a r  motion w e r e  pre
v ious ly  computed by hand f o r  each combination of p l a n e t s  i n d i v i d u a l l y  from 
Formulas (11) wi th  an  accuracy f o r  t h e  given s p e c i f i c  problem. With such 
i n i t i a l  t a b l e s  w e  may proceed t o  c r e a t i n g  t h e  b a s i c  b locks .  -I 2 7  

The b lock  of c o e f f i c i e n t s  of ope ra to r s  O1 are punched according t o  t h e  

fo l lowing  p a t t e r n :  

I I I I I 

.- - . ~- .. 

Third Eburth 'Fifth ~ IS ix th  SeventhIEighth
Column Colilmn Column 'Column Column Column 
@effi- Coeffi- Cbeffi- Coeffi- Coeffi- Cbeffi
c ient  c ien t  ( c i en t  c ien t  c ien t  c ient  
with D2 with D3,with $ with D5 w i t h  D6 w i t h  D7 

PZ P 3  	 1 Pa P5 PO P: 
i 

da 


On t h e  b a s i s  of the  b lock  of c o e f f i c i e n t s  of ope ra to r s  O1 w e  form t h e  b lock  of 

products  02. For t h i s  w e  t ake  e i g h t  copies  of block O1 on t h e  reproducer ,  i n  
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which t h e  d a t a  of columns 1 through 14  remain unchanged, wh i l e  i n  column 15 w e  
punch t h e  number of t h e  copy and i n t o  f i e l d  I we t r a n s f e r  f i e l d s  I, I1 ..., and 
VIII, according t o  each copy. 

0, 


I1  

D'a'Ai 

D'aza' Bi 

. . . .  , . . . .  . I  . . . . . I . . . . . .  

W e  s o r t  b locks  O2 and MI t o g e t h e r  w i t h  r e s p e c t  t o  i (column 1 3 ) ,  L + 1, k 

and t r a n s f e r  f i e l d  11, 111, and IV on t h e  reproducer from block  M1 t o  b lock  02 '  

A f t e r  t h i s  w e  pas s  O2 through t h e  m u l t i p l i e r  t h r e e  t i m e s  t o  g e t  t h e  mul t i 
p l i c a t i o n s  

I x I1 = v, 
I x 111 = VI, 
I x IV = VI1 

and w e  punch t h e  products  i n  f i e l d s  V, VI, and VII. 

W e  s o r t  t h e  b lock  of products  ob ta ined  wi th  r e s p e c t  t o  s u b s c r i p t s  i, 128 
opera to r  number, k and pass them through t h e  t a b u l a t o r  t o  sum f i e l d s  V, V I ,  
and VII, wi th  r e s p e c t  t o  i. 

(k)""'
The tabulogram w i l l  con ta in  t h e  corresponding va lues  P:;, nn' , DPmm#, D p!k)nh' nrm,  

2.  W e  proceed t o  t h e  second s t a g e  of t h e  computations. 

nn' ( k )  nn'W e  punch t h e  de r ived  va lues  of Pp),, , LIP,,.( k ) n n ', DaPm,, according t o  t h e  

p a t t e r n  ad jo ined .  L e t  us des igna te  t h i s  block by 0 3 .  

0 3  


11 1 111 I I V  v 1 VI 

I 
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W e  w i l l  compile t h e  b lock  o f  e c c e n t r i c i t i e s  M2 on t h e  model: 

M3 

W e  j o i n t l y  s o r t  b locks  O 3  and M2 wi th  r e s p e c t  t o  n and n '  and t r a n s f e r  

va lues  1 from block  M2 t o  0 3 .  

W e  pas s  O 3  through t h e  m u l t i p l i e r  t h r e e  t i m e s  f o r  t h e  m u l t i p l i c a t i o n :  

I x I V  = v, 

I1 x I V  = VI, 


111 x I V  = VII, 


and w e  punch the  r e s u l t  i n  f i e l d s  V ,  V I ,  and VII. 

W e  s o r t  t h e  03 w i t h  r e s p e c t  t o  i ,  m ' ,  m,  and k and pass  f i e l d s  V ,  V I ,  and 

V I 1  through t h e  t a b u l a t o r  f o r  summation wi th  r e s p e c t  t o  i. Using t h e  over
throw from one coun te r  t o  t h e  n e x t ,  we s imul taneous ly  d e r i v e  CV, E-(V + VI), CVI 
on t h e  tabulogram. 

Thus t h e  tabulogram w i l l  g ive  us expansion c o e f f i c i e n t  a ' R ,  a ' D ' R ,  A'DGR, 
wi th  cos [ ( i  + k)L' - ( i  - k)L + m'M' + mM]. 

' d K  ' d R3. 	 I n  o r d e r  t o  d e r i v e  a 7, -
n'
1 a'L);R, w e  must manually f i n i s h

dL 

computing on t h e  tabulogram t h e  va lues  i + k ,  - i + k ,  i + m'  + k ,  - i + m + k 
(minor computations n o t  s i g n i f i c a n t  enough t o  be  conducted on. t h e  computers) , 
and w e  must punch t h e  d a t a  from t h e  tabulogram accord ing  t o  t h e  p a t t e r n :  

0 4  

~. . 

I . I - 1 1____-.. ~ -1- . .I 111 -. Iv 1.- v 1 VI 

a'R 1 n'D'R 1 a'D,R I a' 5 1 I i a r D f , R  

W e  pass  t h e  de r ived  b lock  O4 through t h e  m u l t i p l i e r  f o r  t h e  m u l t i p l i 
c a t i o n :  /29 

I X ( i  + k )  = I V Y  
I X  ( - i + k )  = V ,  

I X ( i  + m '  + k) = V I .  
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The signs of f i e l d s  I V ,  V,  and V I  depend on t h e  combinations o f s i g n s  
of t h e  f a c t o r s ,  and i t  i s , t o  be  remembered t h a t  t h e  sine m u s t  be  r eve r sed ,  
as i s  e v i d e n t  from formula (*). Thus, f i e l d s  I V ,  V ,  and V I  w i l l  g i v e  t h e  

expansion c o e f f i c i e n t s  a‘ I,d R  (1’ dRl-!-n’D’HI w i t h  r e s p e c t  t o  s i n  
a L  d~ n‘ ‘ I 

[ ( i  + k)L’ - ( i  - k ) l  + m’M’ + a]. 

4 .  L e t  us pas s  from expansions wi th  respect t o  argument 
[ ( i +  k)L’ - ( i  - k)L + m’M’ + mM] t o  expansion over  t h e  argument ( j ’ M ’  + j M ) .  

The common term of t h e  expansions a ’ R ,  a’D’R, A’D,R has  t h e  form: 

Hcos  [(i +k + m’) M’-(i-k-/n) M f (i + k.) nf--(i-k)n19 

and i f  w e  proceed t o  expand ove r  t h e  argument ( j ’ M ’  = j M ) ,  t hen  t h e  common 
term w i l l  become : 

H c o s  [(i -tk )  L J - ( i - k )  n] COS [(i -i- h -im’) M’-(i-k-m) MI-
H s i n  [(i + k )  n’-( i - -k)  L7] sin [(i -:-k -tm’) M’-(i--k-m) MI. 

a R  d R  -1 a‘DiR w e  haveS i m i l a r l y ,  f o r  a’ - a’--, 
dLf ’  ai, n‘ 

H’sin [(i + k + nt’) M‘-(i-k-m) M + ( i  + k )  Ii”--(i--k) n]-= 

”sin [(i + k )  n‘-(i-k) n] cos [(i + k + in’) M’-(i-k-m) M ]  - k  
H’COS[(i -/- k )  n’-(i-k) I71 sin [(i 4-k -1- 171‘) M’-(i-k--n~) MI. 

Taking t h e s e  formulas i n t o  cons ide ra t ion  l e t  us create a t a b u l a r  block 

. 

12-3 I 4-5 I V  
.___ 

i 
i + k /  - i + k i  1 
i 1-k .- or *sin [ ( i + k )  f l ’ - ( i - k ) U ]4 1 2 cos 

I n  column 14 w e  nunch 1 o r  2 depending on whether i t  is  a. m a t t e r  of 

dR d Rexpansion 1 1 ’ 7 ,  a‘- - ,  -1 a‘D;R o r  n’R, a‘D’R, a‘D,R.
d L  d L  n‘ 

I n  column 15 w e  punch 1 or  2 depending on whether t h e  f i n a l  expansion 
w i l l  be  ob ta ined  wi th  r e s p e c t  t o  s i n  ( j ’ M ’  + j M )  o r  cos ( j ’ M ’  -k j M ) .  

Depending on t h e  combinations of punches i n  column 14 and 15 t h e r e  w i l l  
be i n  f i e l d  I V  e i t h e r  2 sin [(i ~;k )  n’-(i-k) I71 01 I cos [(i + R )  n’-(i-~)n]. 
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W e  make f o u r  copies  of b lock  04 on t h e  reproducer  and form block  05. I n t o  

t h e  f i r s t  and second copies  w e  t r a n s f e r  

1-12-t 1-12 
I - r I  


I1 -+ I1 

111 3 111. 


W e  punch i n  column 1 4  from cons tan t  pu l se  2 ,  i n  column 15  i n  t h e  f i r s t  copy -I 3 0  
1 , i n  t h e  secorid copy 2. 

I n t o  t h e  t h i r d  and f o u r t h  copies  w e  t r a n s f e r  

1-12 --* 1-12 
I V + I  . 
v 3 I1 

VI -> .Ill. 

We punch i n  column 14  from cons tan t  p u l s e  1, i n  column 15  i n  t h e  t h i r d  copy 
1 , i n  t h e  f o u r t h  copy 2. 

We w i l l  d e s i g n a t e  t h e  b lock  obta ined  by 05. 

W e  s o r t  j o i n t l y  05 and M 3 ,  w i th  r e s p e c t  t o  - 1 + k ,  i + k ,  and columns 14  and 
15  from block  M3, w e  e n t e r  f i e l d  IV + IV i n t o  b lock  05 and pass  i t  t h r e e  t i m e s  
through t h e  m u l t i p l i e r  f o r  m u l t i p l i c a t i o n .  A s  a r e s u l t  w e  o b t a i n  f i e l d s  V, VI, 
and VI1 

I x IV = v, 

I1 x IV = VI, 


I11 x IV = VII. 


W e  pass  O5 through t h e  t a b u l a t o r  and sum f i e l d s  V, VI, and VI1 with  

r e s p e c t  t o  i + m' + k .  The tabulogram w i l l  g i v e  t h e  expansions: (a )  i f  i n  
column 14  t h e r e  is a 2 ,  and i n  column 15  t h e r e  i s  a 1 and 2 ,  a ' R ,  a ' D ' R ,  A'D,R, 
r e s p e c t i v e l y ,  wi th  r e s p e c t  t o  s i n  ( j ' M '  + jM) and cos (j 'M' + j M ) ;  (b) i f  i n  

1column 14  t h e r e  is  a 1, whi l e  i n  15  t h e r e  i s  a 1 and 2 a'-,d R  a'-,d R  7a'D;R,
r ) ~  d L  n 

r e s p e c t i v e l y ,  w i th  r e s p e c t  t o  s i n  (j'M' + j M )  and cos ( j ' M '  + jM). 

Thus t h e  work on expanding t h e  p e r t u r b a t i o n  f u n c t i o n  w i l l  have been 
accomplished. 

For v e r i f i c a t i o n  a l l  t h e  o p e r a t i o n s  are t o  be  conducted t w i c e ,  s h i f t i n g  
t h e  column b u t  using d i f f e r e n t  c a l c u l a t o r s ,  and, i f  p o s s i b l e ,  d i f f e r e n t  
combinations of computers. 

32 



CHAPTER I1 


PERTURBATIONS OF COORDINATES 


5. 	P e r t u r b a t i o n s  of t h e  Logarithms of t h e  Radius 
Vector and Longitude i n  O r b i t  

When determining p e r t u r b a t i o n s  of t h e  loga r i thms  of t h e  r a d i u s  v e c t o r  and 
long i tude  i n  o r b i t  w e  adhere t o  t h e  method of Laplace wi th  t h e  appropriate changes 
int roduced i n t o  t h i s  method by Newcomb (1873). 

L e t  us cons ide r  b r i e f l y '  t h e  d e r i v a t i o n  of t h e  b a s i c  equa t ions .  

When t h e  p l ane  of t h e  o s c u l a t i n g  o r b i t  i s  taken as t h e  b a s i c  p l ane ,  t h e  
equat ions of motion i n  p o l a r  coord ina te s  have t h e  form: 

L e t  us proceed as Newcomb s u g g e s t s ,  from r a d i u s  v e c t o r  r' t o  i t s  loga r i thm 
p '  = log  r t Yand determine p e r t u r b a t i o n s  p ' .  Noting t h a t  

J R  - I aR aR - __d R-=--
dr' r i  ap' ' aw' a v  ' 

w e  r e p r e s e n t  Expression (27) i n  t h e  form 

Mult iplying t h e  f i r s t  of t h e  e q u a l i t i e s  i n  Equation (28) by 2 3 ' ,  t h e  
d t '  

second by 2&', summing t h e  p roduc t s ,  and i n t e g r a t i n g ,  w e  o b t a i n  

2 - 2k* (1 f m' )  --2k'm D;R dt +C,, ( 2 9 )
r r  

where Co is  t h e  c o n s t a n t  of i n t e g r a t i o n  and 

I d R  dp' dR rlw'D,R=,7+=nt- .
dP 
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L e t  us add t h i s  equat ion  t o  t h e  f i r s t  of t h e e q u a t i o n s  of (28). 
Then a f t e r  ca r ry ing  o u t  a few i n d i c a t e d  ope ra t ions  w e  w i l l  arrive a t  t h e  
equat ion  : 

In t h e  case  of unperturbed motion, the Jacobian  formula reduces to :  

where rb is the  r a d i u s  vec to r  of unperturbed motion. 

Term by term computation of t h i s  e q u a l i t y  from Expression (30) g ives  

- - ( r ' 2 - ~ ~ 2 )-k2(1 +in') kz(l 4-m ' )  (31)1 da 
2 d!' (1' 

L e t  us s u b s t i t u t e  t h e  der ived  express ions  i n  Expression (31). Then, 
r e s t r i c t i n g  ou r se lves  t o  terms merely of t h e  f i r s t  o rde r  6p ' ,  w e  w i l l  a r r i v e  a t  
t h e  equat ion  

where 

Q = 2 S  D i R d t - t  7,OR 

, k 3 ( 1 + m ' )
2k2t1zC,=C, T a' 

Thus t h e  de te rmina t ion  of p e r t u r b a t i o n s  of t h e  logar i thm of t h e  r ad ius  
typev e c t o r  reduces t o  s o l v i n g  an equat ion  of t h e  

I f  two l i n e a r l y  independent p a r t i a l  s o l u t i o n s  p and q of Equation (33)  
without  a f r e e  term are known, then  t h e  gene ra l  s o l u t i o n w i l l  be: 
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where K 1  and K2 are cons tan t s  of i n t e g r a t i o n .  

The coord ina te s  of e l l i p t i c  mot ion{  = a (cos  E - e) and 0 = a cos  p s i n E  
s a t i s f y  Equation (33) wi thou t  a f r e e  term. We t a k e  as t h e  p a r t i a l  s o l u t i o n s :  

p = cos E - e ,  

q = sin E ,  

then ,  s i n c e  

Hence, assuming t h a t  x = 0 
6p I ,  X = Q + 2 C 1  and no t ing  t h a t  k2 = /33 

n # 2 a , 9  
p - ,  w e  -de r ive  

1 + m ’  

To determine t h e  p e r t u r b a t i o n s  of l o n g i t u d e  i n  o rb i t  we w i l l  t u r n  t o  t h e  
second e q u a l i t y  i n  Equation (28) 

A f t e r  i n t e g r a t i o n  we have 

I n  t h e  case of unperturbed motion, t h e  i n t e g r a l  of t h e  areas g ives :  

dt 

where w l 0  i s  t h e  long i tude  i n  t h e  unperturbed o r b i t .  

Sub t r ac t ing  t h e  area i n t e g r a l  i n  Equat ion  (38) t e m b y - t e r m  from Express ion  
(37)  and l eav ing  t h e  terms of t h e  f i r s t  o rder ,  w e  arrive a t  t h e  equa t ion  
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After integration we will obtain 


where C 3  is a constant of integration. 

6. Perturbations of Longitude of Node and Inclination 


Let us take Lagrange's eqqations for determining perturbations of inclina
tion i' and longitude of  ascending node R' 

A s  was pointed out in Chapter I, the perturbation function is expanded 
into a series of the type R=ChcosN,  

In order to obtain derivatives from T, T', J, with respect to i' and R ' ,  
we will use differential formulas from spherical trigonometry: 

dJ=cos(r-G)di-cos (:'-Q') di'- sinif sin ( 7 ' - 2 ' )  d ( G ' - a ) ,  
di f-sin ( ~ ~ ' - 3 ' ) d i ' - i 

1.' ( 4 3 )  
sin J d ( s - ~ ) = = - c o s J s i n ( ~ - ~ )  

- - s i n 2  cos (.'-a')d ( Q ' - ~ l ) ,  
I 

sin Jd(r '-~')==-sin (.-a)dt j-cosJsin (7'- 2')di'
s in i cos ( s -a )  d(G' -Q) .  i 
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-- 

-- 

-- -- 

From t h i s  we obtain 
dJ - =-cos (r'--Q'), d J  --sin i' sin (T'- 0'1,
di' d62' 

ds s in  (.E' -n') ds = sin i' cos (7' -0')-= ~ 

di' s i n J  ' 1362' sin J , 
( 4 4 )  

ds' cosJ s in  (.'--a') *= - sin i cos (s -62) 
tsin J ' a0 '  sin J 

and 

Substituting the corresponding values of Expression ( 4 4 )  into Expression 
( 4 2 )  we obtain 

d R  sin i cos N-= -
dor 

' d R  sin i'sin N c o s  -,J 
2 a3 2 

dR ( 4 5 )  
di  ' 

Hence 


s in i' d61' __ It1 OR OR s in  N'cos  J 
dt 1 + n i '  n'a' sc 9' [(zt'T)- s in  J 

4-

Let us note that 


dR OR-+-=- dk, 
dn aL O W  

and Equation ( 4 6 )  will be rewritten as 
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-- 

I _ = . -di' ni s in  i cos N -a' -__ _-_d R  cos N' I 

s in  i' s i n  J OlV s i n  J ' 
1--'-sindR N C O S
2 r h  

d61'sin i' -- f l l  sin WctnJ  + a,OR sin A'' -1- (471 
d t  1 f m '  OW s i n  J 

1 dR-a' -cos h' COS
2 do 

To determine 6 i '  and s i n  i ' 6 R '  w e  d e r i v e  t h e  e q u a l i t i e s  

Ci' =- Ill sc y'n/J[ a / g k t n j / - sin i cos N DR COS N' , 
1 + I l l '  sin i' s in  J 

1-a'- OR sin N'COS-J 
2 ds  2 

sini'ija'=-- m sc p'nlJ[n',W'sin N c t n J  +- aI -dR OR sin N' +1 f m '  OW sin J 
1-a'- d R  

cos N'cos -"Idt  f C,,2 d s  2 

where C 4  and C5 a r e  c o n s t a n t s  of i n t e g r a t i o n .  

7 .  Determining H e l i o c e n t r i c  Longitude and L a t i t u d e  

I n  t h e  preceding s e c t i o n s  w e  de r ived  equa t ions  f o r  determining per turba
t i o n s  of t h e  loga r i thm of the r a d i u s  v e c t o r ,  l o n g i t u d e  i n  o rb i t , ,  l ong i tude  of 
node, and i n c l i n a t i o n .  Knowing t h e s e  va lues  w e  may e a s i l y  d e r i v e  t h e  pe r tu rbed  
va lues  of h e l i o c e n t r i c  l o n g i t u d e  1' and l a t i t u d a  b ' .  For t h i s  purpose w e  
u t i l i z e  t h e  formulas 

t a n  (1'- a')=COS i' t a n  (w' -0' ) , 
sin b'=sin i 'sin (w'-d), 

where 0' i s  t h e  d i s t a n c e  from t h e  node t o  t h e  readout  p o i n t  i n  t h e  o r b i t .  
L e t  us assume t h a t  R '

0 
= RAY t hen  because of e q u a l i t y  da '  = dR' cos i' w e  

have 
0 '  = R b  + dR' cos  i'. 

8. Determining t h e  Constants  of I n t e g r a t i o n  

S o l u t i o n  of t h e  equat ions of p l a n e t a r y  motion by t h e  methods set f o r t h  
above con ta ins  seven cons t an t s  of i n t e g r a t i o n  C 1 ,  C2, C3, K 1 ,  K2, C 4 ,  and C5. 
Only s ix  of t h e s e  cons t an t s  a r e  h d e p e n d e n t .  The c o n s t a n t s  C 1 ,  C2, and K1 a r e  
in t e rconnec ted  by t h e  r e l a t i o n s h i p  which we are about t o  d e r i v e .  

From t h e  i n t e g r a l  of k i n e t i c  energy of p e r t u r b e d  motion ( W ) ,  

Translator's note: c t n  = cot. 
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=2k 'mJD;Rd t+  C, 

w e  s u b t r a c t  t h e  i n t e g r a l  of k i n e t i c  energy of unperturbed motion, 

Then, r e s t r i c t i n g  ou r se lves  t o  tern-s of t h e  f i rs t  o rde r  of smallness ,  
and t ak ing  i n t o  c o n s i d e r a t i o n  t h a t  2 k h C 1  = .Co -t!-,after s l i g h t  t rans
fonllations w e  w i l l  a r r i v e  a t  t h e  r e l a t i o n s h i p  a' 

(%-I) ap' + e ' q ,dip' + cos 'p' -=&Wt 
1 + " m 

(a'CI + Sa'DiR d t )  . 
dn t dn' t  

L e t  us s u b s t i t u t e  i n t o  t h i s  e q u a l i t y  t h e  corresponding expres s ions  f o r  
Kit' daw'6 p ' ,  - 

dn' t  ' d n ' t  

{ q[a'K2$- n ' J p  (a'Q +2a'C,) dt] 1
m 

P [ ~ ' K I-4s 4 (a'Q + 2a'Ci) d t ]] J 

1 +m'  dip' 
2q "')[ a'K2+ n ' J p  (a'Q -k 2a'C,) d t  

m dn't r idn ' t  

' 4[%--- '?) [a'K,-n'Sq (a'Q +2a'CJ dt]  ( 5 3 )  
ro dn t 

q [a'/( ,+n'Jp(a'Q+ 
m d n ' t  

-n'J q (a'Q + 2a'C,) dt]  
and we w i l l  der ive :  

( ~ ) z c o s y ' [ n ' ~ ' $ d t +  

arc l  -1.[a'D$ dt  

o r  , i n  o t h e r  terms, 

C2coscp'-a'K,e' +a'C, [2e'n' Jqdt - (")I-
a' 

-(-. -") lJa tD;Rdt -cos .p 'n
a' 

n 

ern' J qa'Q dt .  ( 5 4 )  

L e t  us examine s e p a r a t e l y  t h e  expres s ion  /37 

Z=cosy'n'Ja'-dt+dR e 
dW' 
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which contains only periodic terms since its constant part entered into the con
stants of integration K 1  and C 1  

I - Sicos cp‘ii‘a‘ OR -fe’n’sin �‘a‘ s)d t  -j- 2e‘n‘ 1(sin E‘ a’D;R d t )  dt .  
dW dP‘ I 

Since 

then 


Taking into account that
s($)2 u ’ D t R d t = ( k ) J  a’D;Rdt-2e‘n‘S(sinEf Sa’DiR d t ) &‘ , 
a’ 

we derive 


where A0 is the constant part of the expansion 

in mean anomalies. 

Let us examine the expression: 


/ / = 2 e ‘ i ~ ’ ~ q d t = ~ 2 e ’ n ’ ~ s i n E ’ d t = ( l - - e ’ ~ i ~ ~ f ) ~ 

where (1 + 2 e’2) is the constant part of the expansion ( ‘ ‘ o ) ~
2 a’ 

in mean anomalies. 


Substituting the derived values I and I1 into Equation ( 5 4 ) ,  we arrive at 
the condition connecting constants K1, C1, and C2: 

cos $C2-e’a‘Kl- (55) 

In determining the constants of integration we proceed from the osculating 

elements, i.e., we determine the constants of integration from the condition 
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P 

t h a t  a t  moment t = t (moment of o scu la t ion )  t h e  p e r t u r b a t i o n s  and d e r i v a t i v e s  
of t h e  p e r t u r b a t i o n s  0are zero .  

Thus from t h e  condi t ion :  

Equa l i ty  (52) w i l l  g ive:  

L e t  us  r e w r i t e  Equality (36) as fo l lows:  

hence ,  

: d [--/z’J’q ( I‘Q : -~ u ’ C , )d t  -+- u’K,].  

When t = to: 

L e t  us mul t ip ly  t h e  f i r s t  e q u a l i t y  by q ,  t h e  second by q ,  and 
s u b t r a c t  t h e  second from t h e  f i r s t ;  t hen  

((prl-qp) [ - / t’J^q(a’Q 2a’C,) dl  ’ - U ’ K , ] ] ~ = ~ ~ - ~ O ,  

p q - qP It‘,
consequent ly  : 

a’K, [n’ jq (a’ Q , 2a’C, ) dt1I=.t,,. 
( 5 7 )  

If t h e  f i r s t  e q u a l i t y  is m u l t i p l i e d  by p ,  t h e  second by p ,  and t h e  two 
are added, w e  obtain 

Equat ion (39)  fo r  t = to yields 

From Equations ( 4 0 )  and ( 4 8 )  when t = to w e  d e r i v e  t h e  va lues  of cons t an t s  
C 3 ’  C4Y and c 5  
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CHAPTER I11 

PERTURBATIONS OF THE FIRST ORDER BY JUPITER 

9. Elements 

Computation of t h e  p e r t u r b a t i o n s  of P l u t o  and J u p i t e r  are based on t h e  
n ine teen th  b a r y c e n t r i c  system of P lu tonian  elements according t o  Bower (1931),  
and t h e  mean elements  of J u p i t e r  according t o  H i l l .  The mean elements  of P l u t o  
have not  been der ived  up t o  the  p r e s e n t  t i m e .  O f  a l l  t h e  e x i s t i n g  systems of 
e lements ,  Bower‘s n ine t een th  system h a s  been determined over  t he  longes t  a r c  
and p a r t i a l l y  takes  i n t o  cons ide ra t ion  t h e  pe r tu rba t ions .  Since t h e  d i s t a n c e s  
of t h e  h e l i o c e n t r i c  and b a r y c e n t r i c  coord ina tes  are magnitudes of t h e  o r d e r  of 
t h e  pe r tu rb ing  masses, they  a l r eady  g ive  i n  t h e  p e r t u r b a t i o n s  a second-order 
discrepancy , and i n  de te rmina t ion  of t h e  p e r t u r b a t i o n s  these  elements w e r e  taken 
as h e l i o c e n t r i c .  

The elements are i n  terms of t h e  e c l i p t i c  and equinox of 1950.0. 

Elements  of P l u t o  Elements  of J u p i t e r
Moment of O s c u l a t i o n  Epoch 1850 January 0 
1930 September 20.0 Greenwich mean noon 

T‘= 1989 October 0.0344 M ,  = 148r033 
Q’ =1090634 99.779 

i’= 17.144 i-- 1.308 
w’= 113.542 (0 =273.525 
e‘-- 0.248644 e- 0.048254 
a’= 39.517 738 LZ = 5.202803 
IL’=  14:283 it  - 299:128. 

-.!- -1047.4 m 

The elements of  t h e  mutual d i s p o s i t i o n  of  t h e  o r b i t s  N ,  N ’ ,  and J w e r e  
der ived  f o r  v e r i f i c a t i o n  from t h e  two systems of formulas g iven  below: 

sin J s i n  N= sin i’ sin ( 62 -a’), 
cos J=cos i cos i’ + sin i sin i’cos (62-0’1, 

sin J C O SN‘= -sin i‘ COS i + cos i’ sin i cos (8-a’), 
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J cos -sin-----N ' - N  -sin ' ~ - 6 2 '  cos-i + it 
2 2 2 2 '  
J N ' - N  i -L' 

cos .)cos -
2 

-cos -61-Q' cos-. 
2- 2 

For t h e  P l u t o - J u p i t e r  case ,  t h e  va lues  of N ,  N '  u = s i n  	2 , and of t h e  
2 

cons tan t  va lues  a, n,n',which w e  need i n  t h e  fol lowing,  are: 

N=190:6406, sin-J =0.137935, n=82f8844, a=@.131657,
2 

N'= 180.8194, COS -J =:0.990441, nl-292.7223.
2 

10.  Expansion of t h e  P e r t u r b a t i o n  Function 

As a l r eady  i n d i c a t e d  above, when t h e  p e r t u r b a t i o n  func t ion  w a s  expanded we 
used Newcomb's method of o p e r a t o r s  (with r e s p e c t  t o  m u l t i p l e  mean anomalies) .  
The computations w e r e  inanually performed and only l a te r  when t h e  computing 
l a b o r a t o r y  w a s  organized a t  t h e  I n s t i t u t e  of T h e o r e t i c a l  Astronomy w a s  t h e  ex
pansion of t h e  p e r t u r b a t i o n  f u n c t i o n  r epea ted  f o r  v e r i f i c a t i o n  on a n a l y t i c a l  
computers. The method of expanding t h e  p e r t u r b a t i o n  f u n c t i o n  on a n a l y t i c a l  
computers i s  set f o r t h  i n  d e t a i l  i n  Chapter I, Sec t ion  4 of t h e  p r e s e n t  mono
graph. 

I n  both manual and i n  machine computations,  t h e  b a s i c  i n i t i a l  d a t a  a r e  t h e  
t a b l e  of c o e f f i c i e n t s  of Newcomb's o p e r a t o r s  g iven  i n  Appendix 11, and t h e  
t a b l e s  of c o e f f i c i e n t s  of expansion of c i r c u l a r  motion a 'Ai ,  a ' B i ,  . . . and 
t h e i r  d e r i v a t i v e s  wi th  respect t o  log  a and 0. 

To compute t h e s e  va lues  i t  i s  s u f f i c i e n t  i n  Formulas (3) and (11) to 
restrict  ou r se lves  t o  t h e  fol lowing terms : 

a t ~ k ~ i =D R ~ : - 	L a 2 ~ kp3-I+ C;+l) + 3 a4Dk (c : - ~+4c: $- c:+') , 
2 

where i=o, 1, 2 , .  . 7, k=O, 1, 2 . .  . 8; 
=-1 D ~ C ;  3a i ~ k ~ l  --a2D k (C;-I. +c:+'), 

2 4 ,
where i=O, 1, 2 . , . 5, k=O, 1, 2 . .  . 6; 

atDkCi=s c;,3 D k i  

where i = O ,  1, 2, 3, k=O, 1, 2, 3, 4; 

a'D,DkAi= -oDk ci-l + c:") +25aDk( c : - ~  +4cj'+ t?),
( 3  

where 1=0, 1 .... 7, k=O, 1 . . . 8 ; .  
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a'D,DkaaB,=aDkc:-3a3Dk (cf-' fc:+'), 

w h e r e  i = O ,  1 . . .  5, k=O, 1 . . . 6;  
=3a 3 ~ k C i y  

2 
w h e r e  i=O, 1 . . , 3, h-0, 1 ,. . 4. 

TABLE 2 

-q c; I UC; UH i 
C1 

- . .  _-__ ._- .. . ... 

0 2.008753 0.0176779 0.03GO569 0.0749607 0.1GIF778 0.3722419 0.951995 2.80851 9.51180 
1 0.1325225 0.1N27 19 0.1395971 0.1559b40 0.2070631 0.3706546 0,915069 2.83220 .0.1176 
2 0.0130952 0.02G382G 0.0535427 0.1 102492 0.2334837 0.5209345 I .270273 3.53251 .1.5288 
3 0.0014373 1 0.00 13339 0.0131 136 0.0399073 0.122(i072 0.3826264 1.22-1615 4.0771 1 ,4.3903 
4 o:ooot 656 0.0006651 0.0026761 0.010s308 0.0.137696 0.1787434 0.737037 3.08506 13.1991 
5 0.0000196 0.0000954 0.0004945 0.0024SS2 0.0125525 0.0635568 0.323150 1.65790 8.58312 
6 0.0000024 0.0000143 0.0000858 0.0005175 0.0031250 0.0189148 0.114825 0.G9984: 4.28832 
7 0.0000003 j 0.0000020 0.0000143 0.0001003 0.0007055 0.0049706 ~ 0.035089 0.24831f 1.76294 

I
I I 

- _ _  

DCS D%j, D V ,  D ' c f  
. .- - 

0 0.273869 0.295561 0.363027 0.577717 1.25572 3.7473 12.951 
1 0.053735 0.1 11027 0.236646 0.533916 1.32423 3.7609 12.521 
2 0.008824 0.027017 0.083833 0.265789 0.87160 3.0060 11.120 
3 0.001354 0.005496 0.022477 0.092923 0.39030 1.6772 7.4397 
'1 0.000200 0.001014 0.005151 0.026346 0.13596 0.71021 3.7720 
5 0.000029 0.000 176 0.001068 0.006516 0.03999 0.24723 1.5434 

0.000004 0.000029 0.000206 0.001465 0.01043 0.07464 I 0.5375 
0.000001 0.000005 0.000038 0.000307 0.00249 0.02025 0.1655 

I 

1 1  cf; DcS D4c,{ 
.. .- -..= _ _

I 
0.08562 0.20646 0.5650 1 1.so9I 
0.03885 0.12638 0.43085 1.5696 
0.01160 0.04370 0.20907 0.9262 
0.00282 0.01460 0.07645 0.4074 

0.00010 0.00061 0.00374 0.02322 0.1456 
0.00002 0.00012 0.00086 0.00620 0.0448 
0.00000 0.00002 0.00018 0.00150 0.0123 
o.ooooo 0.00000 0.00004 0.00034 0.0031 
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- -  

- -  

- -  

TABLE 3 

i 
u ' D A ~  a'D2Ai a'D3Ai u 'D4Ai  a'D5Ai a'D6Ai a r ~ 7 r ~ i  

-_____ ~ 

~ 

~ -.> 

0 2.0077521 0.0156151 0.03 16796 0.0651749 0.1377167 0.3055345 0.713772 1.86477
1 0.1296420 0.1354339 0.1462425 0.187661 1 0.3109396 0.666064 1.92307
? 0.0125779 0.0511326 0.1044794 0.2179415 0.4725733 1.060386 2.74262
3 0.0013534 0.0122921 0.0372290 0.1 134627 0.3493704 1.082950 3.45472
4 0.0001529 0.0006130 0.0024608 0.009696 1 0.0399027 0.1615343 0.651560 2.66461
5 0.0000178 0.0000890 0.0004460 0.0 022374 0.01 12400 0.0545736 0.282453 1.42594
6 0.0000021 0.0000126 0.0000759 0.0004565 0.0027474 0.0165513 0.098468 0.59408
7 0.0000003 0.0000018 0.0000124 0.0000874 0.00061 40 0.0043205 0.029975 0.21 120 

.. 

5h"; I 5 k ' / ) l j j  
. . ~ 

~ . .. I . .~ .. . ~.- -. . ~ .  .- 
0.0025986 0.0027906 0.00338 19 0.0032ti20 0.0I 1.379 0,03227 I 0.123'2 
0.00049J9 0.G010298 0.009 1 x 0  0.00 48GOO 0.0 1 1853 0.03277 0.1 191 
0.0000805 0.0002-157 0.0007592 0.0023907 0.007755 0.02630 0.1058 

0.000 1996 0.0006201) 0.033422 0.01451 ~ 0.0708 
0.0000016 0.00000S8 0.00004 18 0.000'2282 0.001 171 0.00606 0.0359 
0.0000002 0.00000 I 5 0.0000091 0.0000553 0.000336: 0.00207 1 0.0147 

- _ _  ~. 

~ ' U ' U C j  3WUJCi 
. 

0.0000 1 16 0000280 i 0.0000767 0.000'2456 
1 0.0000016 0.0000053 0.0000172 0.0000585 0.0002131 
2 0.0000004 0.0000016 0.000OOG6 1 0.0000284 0.0001257 
#'3 0.0000001 o.oonooo+ 0.0001'020 0.0000104 0.0000553

I 
TABLE 4 

- - - ~ . 

a'U'L),A; i u'D3L),,A, u'D4DD,Ai I ' a 'DiD,Aj  a'  D6DD,Ai a' D'D, A i  
.. - . .I= 
 -

0 -0.0111 973 -0.0991900 -0.OG16492 
1 -0.0387538 -0.0137 191 -0.0590927 
2 -0.0071026 -0.0155509 -0.0341 179 
3 -0.01 15432 I --0.03737 14 
-I -0.0329963 -0.0125215 
) -0.0006677 -0.0034362 

i i -0.0001349 -0.0008259 
7 -0.0000005 I - .0.0000029 -0.0000244 --0.0001723 
-

I 

-0.3295366 -0.896935 -3.45417 -13.9997 
-0.26507 1X --0.800159 -3.32019 . -13.1821 
-0.21421 45 -0.652332 -2.75328 -1 1.4502 
-0.1262067 -0.451603 -2.05409 - 9.0244 
-0.0533644 -0.233G07 -1.23909 - 6.0963 
-0.0 176696 -0.094247 -0.59444 - 3.3632 
-0.005091 3 -0.03 1643 -0.23572 - 1.5336 
-0.0012130 -0.008554 -0.07414 - 0.5382 

-

1 a'D3z?Bi ~ ' D ~ D ~ B ,  a'D5D,o.JBz a' DGDJo?Bi 
-~. . -.-.. __ .~- c -~ _ -. .-

0 0.0375873 
I 0.0070865 
p 0.001 1180 
3 0.0001647 
4 0.0000233 
7 0.0000032 
(i 0.0000001 

0.0401565 
0.0145491 
0.0033965 
0.0006620 
0.0001 167 
0.0000193 
0.0000080 

0.0480832 
0.0306329 
0.0104536 
0.0026675 
0.0005666 
0.0001 164 
0.0000213 

0.0729032 0.1526307 
0.0675513 0.1611221 
0.0326676 0.1046567 
0.010988.5 0.0453975 
0.0029633 0.0151927 
0.0007011 0.0042720 
0.0001506 O.OO10611 

0.416799 1,76640 
0.431618 1.72709 
0.346091 1.53380 
0.190349 1.02620 
0.077698 0.52030 
0.026007 0.21269 
0.007492 0.074 14 
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TABLE 4 (con t inued)  

0 0.000150 O.CO0337 0.000813 0.002224 0.0071 22 
1 0.000047 0.000153 0.000498 0.001696 0.006178 
2 0.000010 0.000046 0.000192 0.000823 0.000365 
3 0.000002 0.00001 1 0.000058 0.000301 0.000160 

The Laplace c o e f f i c i e n t s  and t h e i r  d e r i v a t i v e s  wi th  respect t o  l o g  a e n t e r - /43
i n g  i n t o  t h e s e  formulas w e r e  computed by two methods, Newcomb's and Innes! 
This w a s  done both f o r  a deep check on t h e s e  b a s i c  va lues  and for determining 
t h e  p r a c t i c a l  advantages of one method over t h e  o t h e r .  A s  has  a l r e a d y  been i n 
d i c a t e d ,  Innes '  method has  a number of advantages over t h a t  of Newcomb i n  con
venience and e s p e c i a l l y  v e r i f i c a t i o n  of computations.  Each s t a g e  may b e  v e r i 
f i e d  and t h e r e  i s  no need t o  r e p e a t  computations a t  second hand. 

Tables 2 ,  3 ,  and 4 ,  r e s p e c t i v e l y ,  g ive  t h e  va lues :  

Using t h e  t a b l e s  of o p e r a t o r  c o e f f i c i e n t s  (Appendix 11) and Tables 3 and 4 ,  

W e  i n t roduce  the  c o r r e c t i o n s  f o r  t h e  i n d i r e c t  member of t h e  p e r t u r b a t i o n  
func t ion  i n t o  t h e  values  of t h e  o p e r a t o r s .  In  Sec t ion  1 of Chapter I ,  we a r e  
given formulas f o r  determining c o r r e c t i o n s  t o  u'A,:,, n'5"BBl,,ci'D,A, a'Dac'Bo, and 

t o  t h e i r  d e r i v a t i v e s  wi th  r e s p e c t  t o  l o g  a .  L e t  us r e c a l l  t h e s e  formulas:  

. . . . . . . . . .  
~, 2 (- 2 ) ' i  2a, D"DJi'Bo.+ -2 (-2)k  a '5.Z ( ~ D ~ D ~ A  

. . . . . . . . . . . . . . .. . . . . . . . . . . . . .  

47 



Of 

It is  easy  t o  n o t e  t h a t  t h e  f a c t o r  a - 2 (  1-0') e n t e r s  i n t o  a l l  derivatives 

i a t ~ ; ,  w i t h  r e s p e c t  t o  log  a, factorz-"enters  i n t o  derivatives of Z,a'a2BI,and 

so on. The c o r e f f i c i e n t s  i n  these f a c t o r s  w i l l  be f i x e d  numbers infiependent 
of t h e  elements  -of the p l a n e t s ,  and they  w i l l  be the same f o r  �he corresponding 
derivatives of a l l  s ix  c o r r e c t i o n s .  L e t  us compute the 

a u x i l i a r y  ope ra to r s  ( P ~ ~ + . l ,  (p';:l:lv),,,of t h e s e  numbers; f o r  t h i s  purpose w e  

mul t ip ly  t h e  f r e e  t e r m  of t h e  ope ra to r  by - 1, t h e  c o e f f i c i e n t  of D by - 2 ,  

c o e f f i c i e n t  of D2 by - (- 2 ) 2 ,  and t h e  c o e f f i c i e n t  of Dk by - (- 2)k. 

The va lues  of t h e  a u x i l i a r y  ope ra to r s  are g iven  i n  Appendix 111. To 
d e r i v e  c p r r e c t i o n s  f o r  t h e  i n d i r e c t  term of t h e  p e r t u r b a t i o n  func t ion  i n  t h e  
ope ra to r s  and i n  t h e i r  d e r i v a t i v e s ,  i t  is  enough t o  mul t ip ly  t h e  a u x i l i a r y  
ope ra to r  by t h e  corresponding f a c t o r .  

I n  t h e  case of t he  combination of P l u t o  and J u p i t e r  t h e  va lues  of t h e  	 144 
v e c t o r s  w i l l  be:  

A f t e r  in t roducing  t h e  c o r r e c t i o n s ,  w e  mu l t ip ly  the  ope ra to r s  by the  eccen
t r i c i t i e s  of P lu to  and J u p i t e r  i n  corresponding powers, and from t h e  system i n  
Appendix I w e  de r ive  the  expansion c o e f f i c i e n t s  a ' R ,  a ' D R  and a'D,R wi th  r e s p e c t t o  
cos [ ( i  + c l . )  L '  + (- i + c l )  L + mM + m'M']. 

W e  o b t a i n  the  d e r i v a t i v e  with r e spec t  t o  l o g  a '  by using the  formula: 

D ' R  = - R - DR. 

Formulas (10) of Chapter I ,  Sec t ion  1, s e r v e  f o r  computing t h e  c o e f f i c i e n t s  
of  t he  d e r i v a t i v e s  of R wi th  r e spec t  t o  W, W ' ,  and t ,  s i n c e  
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-- 

-- 

d R-=- d R  

a ~ '  aw'' and 


dw' tz'D;R i n  t he  form of s e r i e s  i nw e  de r ive  a'-d ~ f '
a,'--a R 

s i n  [ ( i  + cl.) L' + (- i + cl.) L + mM + m ' M ' ) . ]  

BY means of the  va lues  [(i-j-el.)V+( - i +  cl,)nj,we apply  a'R, a 'D'R,  
dR sin 

a'DoR, a' I, 
d R  

a' dw a'D;R,  t o  t h e  expansion i n  cos (i'M' + iM).
aw 

d R  a'D'R anda'D'R,we ob ta in  t h e  t imeTo v e r i f y  the  d e r i v a t i v e s  a'---] 
I

aw 


d e r i v a t i v e  from t h e  r e l a t i o n s h i p  
d R  dp'D'R= dR dw' -+-

dW' dt dp' d t  I 

where w'  and p >  may be expanded i n t o  a s e r i e s  i n  mean anomalies: 

where H and K a r e  polynomials with r e spec t  t o  the  degrees of e c c e n t r i c i t y .
j j 


From Expreqsion (65)  we ob ta in  
1 da'  
-__ 1 4- jHj COSj M ' ,
tl' d t  

' ' P I  =J7- jK j  sinjM'. 
It' dt 
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-- 

--- -- 

--- 

-- -- 

w
0 TABLE 5 

a'D'R.10' O ' D ,  R .  104 a'- .
t l  K 

104 a'-*d R  104 
- -__ ___ d W '  d It;/ 

I 

i cos I sin cos sin 1 cos sin 1 cos sin 1- ___ , ____ 

0 	 0 - +100-22.9 - _ _  - 
1 - 45.4 2576.7 + 93.2 + 46.2 -. 2576.7 - ' 45.4 
2 - 19.6 652.5 36.9 - 710.0 I W ~ I  32.4 - 17.2 40.2 23.8 - 1305.0 - 39.2 

4 j - 2.1 54.5 2.8 - 46.7 - 30.9 - 3.1 I - 0.7 6.7 4.3 218.0 - 8.4 

16.8 - 0.5 - 18.9 14.0 - 14.5'- 1.0'+ 0.2 2.8 1.8 - 84.0 - 3.5 

1.6 - 0.7 - 1.1 - 3.0 - 2.9 - 0.4, 0.4 - 0.4 

1 10 t - 8  -1- 14 - 2 ,-l- 10 + 6 - 10 + 6 + 82 , - 49 

37 32 54 - 1 - 9 37 - 20 - 37 21 260 - 146 

128 94 159 - 13 - 33 126 - 70 - 126 71 766 5 - 433 

-5 ~ 

296 , 520 365 625 - 72 - 141 518 - 293 ,-- 518 294 2600 , - 1481 

3 - 7.2 185.1 11.3 - 204.4 ::::[Il O . n i +  4.41 17.1 10.2 - 555.3 - 21.6 

5.6 - 0.5 - 5.8 , 7.7 - 7.5 - 0.1 1 0.3 +- 0.9 f 0.5' - 33.6 - OG 

-14 1277 2233 1452 2509 - 342 - 603 2230 - 1273 8934 - 5107 

1 

-3 i 5986 
-2 , 33040 

i 
10448 
57607 

6424 
34020 

11159 
59255 

- 1662 
- 9251 

3020 
- 16284 

. 10423 ,-

- 57602 

5956 
33027 

31313 17953 
1153-15 ; - 660SO 

-1 , $271939 , 4-473974 t273814 +477263 - 76130 -134535 47397-1 - -271939 

0 1 -105967' --I78999 -105964 --I 78977 13550 $108594 0 0 
1 -t- 4987 - 6210 -t 5008 ' - - - 6275 40746 -149127 6210 -t 4987 
2 518 - 908 

I 
534 , - - 934 I816 1036 

3 86 - 178 92 - 191 535 257 
4 '  18 - 40 20 - 45 162 70 

1 5 ,  
I 6 )  

4 
1 

-
-

11 
3 + 

5 -
2 -

13 
3 

54 
19 

22 
+- 5 

' 7 
1 8 

2 -9 I + 1 - 3 - 2 1 I - 2 6 - 10 
3 2 - 10 - 5 3 - 7 12 - 25 



- -  

I 
-- 

- -  

-- 

--- 

-- 

-- 

-- 

- -  

; 

- -  - -  -- 

-- 

- -  

-- -- 

TABLE 5 (cont inued)  

--__ 
I1 I 

I 2 - 7 1  f 6 + 3 ,  
I 
- 20 I - 9 1  

I 
- 1 3 ' - 6 , + 1 3  

I
-6 22 22 , .- 32 - 5 

I 
- 13 

I1 - 8 1  ' 2 9 ; - 3 6 1 - 2 g i '  36 i ' 
-5 1 61 73 , - 50 -;  16 - 29 2 3 ,  SS - 9 1 ; - - 8 8 '  91 I 

-4 179 251 - 30 - -. 82 ' 280 , 234 280 234 I 
1073 1 4-23i 3'23 ' I121 758 - - 11'21 757 ~ 

5649 - 1634 5704 , . - 3391 i - ~ -5502 3390 
I 

-1.45781 ' 4.26362 13026 35793 2F211 i - 45715 -;-2G:'42 'iI 
I 0 ' - 10226 --I7265 I -10208 -i-10303 1S@l(j i-10013 i -+I7261 -10235 ~ 

i
I
I
i
i 

I 

2 
1 ~ 

i 

-t 483 

2 

' 

- 607 , + 491 1 603 3929 -. 14438 I , 13.2 56 
I 

I 

-+ 2 1 
50 - 89 ; 53 ' - 88 1 481 1767 I 150 16 I 

92 

9 ,  - 20 10 ~ -. 
l 9  I 

88 325 28 4 :  19 9 '  
2 7 1 4  19 -

71 j 6 
5 .- I9 
1 3 i 

1 , -k 21 51 15 ,- 9 . - 5 23 + ,22 23 ... 22 , 84 - 1
I 

92 83 82 ... 5 I
I 23 94 34 ' _ _  94 -T- 34 ' 273 .- 139 
I 

270 460 , 236 4 I9 -. 72 -._125 463 280 ' 463 280 j 919 539' I 2143 ' -1- 3737 -t 2145 I 3739 - 591 1 1053 -1- 3737 .i 2143 i 3737 -.: 2143 
0 - 834 I 1408 - 834 , - 1408 - I  10s 1- 853 1470 833 , 0 0 
I -k 40 - 52 -+ 40 ; 5 3  321 ' - 1175 \ 113 6 ..- 40 5:' i. 40 
2 4 1 - 8 4 - S I 38 I 139 13 -I- 2 j 3- 8 16 9 
3 8 , . - 28 

I
4 6 I 

4 . -2 21 , -I 37 10 
-I 	 i 169 - 1  294 83 

0 63 1IO -; 65 0 
1 -.  92 
2 . .  12 - 6 3 i  O 1 

VI 
P 

I 




I n  our case t h e  va lues  of jH
j 

and 

H,==1, 
H I=0.493 496, 

2H2=0.151098, 
3H3=0.048 076, 
4H4=0.015 536, 

5H:,=
0.005 062, 

6H,;- 0.001 650, 

7 H ,7 0.000 5412, 

8Hs=0.000 207, 

9H9=0.000 074, 

- j K .
J 

are: 

- KIz0.242 864, 
-2K2 T-0.089254, 
-3K:j==0.030 977, 
-4Ki zz 0.0 10 564, 

-5/(,--- 0.003560, 

-GK,;-O.OOl 193, 

-7K; -0.000 455, 

-SK~-O.OOO 158, 

olvTable 5 g ives  t h e  expansion c o e f f i c i e n t s  a'R, n'D'R7 0' d R  I .'E, dD,R ,  

11. Computing P e r t u r b a t i o n s  p '  and w' 

To determine t h e  p e r t u r b a t i o n s  of t h e  logari thm of t h e  r a d i u s  v e c t o r  
and of l ong i tude  i n  o r b i t  i n  Sec t ion  5 ,  w e  w e r e  given t h e  fol lowing formulas:  

[ n ' q J p  (afQ i-2afC,)d t  -n ' p J q  (afQ ;- 2afC,)dt  { - a'K,p -:- afK2q] ,  

(a )  The P a r t  of t h e  P e r t u r b a t i o n s  Not Depending on Constants 

When determining t h e  p e r t u r b a t i o n s  of t h e  o r b i t a l  coo rd ina te s  w e  f i r s t  
compute t h a t  p a r t  of t h e  p e r t u r b a t i o n s  which does n o t  depend on cons t an t s .  
L e t  us des igna te  them by (6p')  and (6w'). Then, 

[n'q jpa'Q d t  -n'p J qn'Q d t ] ,  

A s  a l r eady  i n d i c a t e d :  
a'Q=2 a ' D ; R d t - , - a ' - - ; ,dRs dP 

p = 2: P , C O S  k M ' ,  
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q = qksin kM ,(%r= 2 CL2*0cos kM'. 

Tables 6 and 7 g i v e  t h e  c o e f f i c i e n t s  Pk, and Ck-'*O i n  the  form ofqk 
series of powers of the eccentricity (Sharaf, 1953). 

TABLE 6 


I' 
I' - -.- 1 


2 
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TABLE 6 (continued) 

16807q7 =-,I; 
S23513 

e 3 f  ... 
4GOSO 1474960 

qB= -e7 
128 2048 e!' + ... 
315 2835 

531441 
'J - ----e3 -...' - 1146880 

78125q l 0 =  -e!J-... 
145152 

TABLE 7 

For P l u t o  the values of p k ,  'k ' and C-2.0 w i l l  be: 

p,=0.372 966, 
1 -p, =0.488 458,
2 
1-p2=0.O59 628,
2 
1-p,=0.010932,
2 
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1 
-4 ,  =0.496 1.46,
2 
1-qq,=0.060890,
2 
1 '-q3=0.011 194,
2 

C-?'O = 1.032423, 

-1 C;""=0.254 748,
2 
1-C,2'0 -0.077 998,
2 
1--C,?'O =0.024 818,
2 



-- 

. .  ... 

I 

1 
2

-p4 =.0.002377, 1 
2 
-qa=0.002 438, 1-C,2*o=0.008 020,

2 
1 
2

-pj -0.000 568, 1 
2 
-Q;= 0.000 583, 1-C;"" =0.002 6 12,

2 
1-PI; =0.000 144,-

1-qq,=O.OOO 148,
2 

1 -Ci2'0=O.OOO 856,
2 

! 
2

-p; -0.000038, 1 
2 
-4; =0,000 039, 1-C;2'o =O.OOO 280,

2 

1 
1

-pb =0.000 010, 1 
2 
-q,=o.ooo 010, 1 -C8-'*' =0.000 096,

2 

~ p , = 0 . 0 0 0 0 0 3 ,1 
+ 

1-qu 0.000 003,
2 

1-Ci2'0=0.000 034,
2 
1 
2 
-c,2~"o.ooo 012. 

n'
I n  i n t e g r a t i o n  w e  must mu l t ip ly  by t h e  va lues  v i i ,  := in -i- i , n , ,  whose va lues  150-

f o r  t h e  P lu to - Jup i t e r  system w e  g ive  below: 

PLUTO-JUPITER 
- - ~_ F - ~ 

1 i' v i i ,  /I i i' I i' ' I . . ,  

il .~. .  .. ~ ~. . . . ~ .. 

0 	 0 I. 0.0455727 2 0,0227683 
1 1.0000000 1 0.0435863 3 0.0222787 
2 0.5000000 4 0.02 17932 
3 0.33.73333 0.04009 14 3 -10 0.01892904 O.'LS00000 'j 0.0385461 9 0.01857745 0.2000000 1, - 8  0.0182'3tiG6 0.1G(i(i(iG7 'i - 7  0.01791 I!,7 0.14228571 ; - - 6  0.0155967 

1 	 -8 0.0773620 ji -7 0.02Mj48 - 5  0.0172924 
-7 0.0717207 11 -6 0.0278661 - 4  0.0169984 
-6 O.OG(i9211 I -5 0.0271106 - 3  0,0167143 
--3 0.06272313 I/  -4 0.0'263950 - 2  0.0164396 
-4 0.05902 I5 -3 0.0257162 - 1  0.0161737 
-3 0.0557321 8 :  -2 0.0250715 0 0.0159162 
--2 o.o5'2;9uo I t  --I 0.0244583 1 0.0156669 
-1 0.0501430 ' 0 0.02328744 2 0.0154252 

0 0.0177488 
I1
'I 1 0.0233177 3 0.0151909 

r n  o r d e r  t o  g e t  a clearer i d e a  of t h e  course  of p e r t u r b a t i o n  computations 
we w i l l  trace a l l  t h e  s t a g e s  i n  t h e  work f o r  t h e  va lues  i = 0 and a l l  p o s s i b l e  
va lues  of i' i n  t h e  given case. (Computations are c a r r i e d  o u t  t o  t h e  f i f t h  
decimal p l a c e ) .  
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SCHEME 1 

_ j l vsin 
-L 

cos 1 sin 
I I 

- - - - - -1 01303 - -101303 
-25767 -454 -90s +51534 +932 - 27183 +24 + 24351 
-13050 -392 -3Y2 13050 369 - 7100 --23 5950 

-21G -144 3702 113 - 2044 -31 1638 
4 - 2180 - 84 - 42 1090 2s - GO8 -14 482 
5 - 840 - 35 - 14 336 + 5 - 189 - 9 147 
6 - 336 - G - 2  112 - 5 - 58 - 7 54 
7 - 112 32 - 7  - 11 .- 7 21 

Since 

a’Q==xa‘Qs sin (iM + i’M’) $- 3a‘Qccos (iM + i’M’j, 

then  when mul t ip ly ing  a‘Q by p =  x p k  cos k M  and 4= qRsin kM’ w e  have: 

pa‘Q= a’Qspk sin (iM + i‘M’) cos kM’ + za‘Q,pkcos ( iM -+ i’M’) COS k M ’ =  

-.!- a’Qspk {sin [iM+ (i’ + k )  M’] + sin [iM + (i’ - k )  M’]}+ 
2 

-!- a’Qcp, [cos [iM + (i‘ + k)M’] + cos [iM 4-(if - k )  M ’ ] )= 
2 

2 H, sin (iM + j’M’) + H, cos (iM $-j’M’), ( 6 5 )  
ya’Q=.: a’Qsqk sin ( iM  - ! - i’M’) s in  kM‘ - ;- 2 a‘Qcqkcos (ih4 -i- i’A4’) sin k / V f ’ =  

-1 2: a‘Qs9k { - cos liM - t - (i‘ -b  k )  M’]  -i-cus li,W -!- (i’ - /<)M ’ ]  ] -: 
2 

-2]a‘QEqk [ s i n  [iM : - (i’ ~ h )  M’] - sin liM - 1 - (i’ - - 12) .N’l
21 

:- x F s s i n  (iM-; j ’M’)  - i- Fccos ( i M  I j ’M ’ ) .  

The scheme f o r  computing c o e f f i c i e n t s  F is given as an example
S 

(Scheme 2 ) .  

Hs , Hc,  and Fc are computed i n  a similar manner. 

Summing the  numbers on each l i n e  and assuming t h a t  j = i’ w e  obtain 
t he  c o e f f i c i e n t s  qa’Q snd pa’Q.  
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e SCHEME 2-

i 


E 

0 -8 ! 
, 

! ! 


-7 ! 
1 - ,  4 


I 


t -6 I 

1 , 


-5 


-4 - 1  247 

I C 

1-3 -+-I134 59 

I 

-2 -1 616s - - 273 j - :> 


-I -t5026l - 1453 67 ... 4 

I 


I o  -12082 - - 36:! - 19 - 1 

1 -50261 - 2952 - I01 - :, I I 


2 -112082 823 -6168 - 29 - 2 


I -:15 I - II 

;59 - 4  ' 

14 1. I 

- 3  

-. 1 

I 

I
3 2952 - 239 , -1-1453 9 1134 1 '  


I 


4 823 - I 3  3F2 - 3 ;- 273 , 247 : 

I 


5 239 - 27 101 _. 1 67 59 59 I I 

, ! 

6 73 29 19 1rj 1-1 I - - I5  
I 


7 27 - 7  5 4 ; 3 


8 I O  2 1 1 


9 1 I 


j i 




-- 

__ 

SCHEME 3 


YO'  Q
i' - .  -. .-

s i n  cos s i n  
- .=-3 __- - .. .. -. 

0 	 0 + l l  
1 102(?2tj -1 4 -1 0351.3 
2 .L 5 - 1283 - 819 -28 - (142
3 + 6 + 1832 + 1980 i - 2  + 611 - 2 
4 -15 859 903 I2 215 7 4 
5 9 317 324 6 63 2 
6 - 5  108 111 2 18 1 
7 35 4 1  3 5 
8 -! 1 17 17 3 2 

To d e r i v e  n ' p  [ qa'Qdt and n ' q  j pa'Qdt w e  use Formulas (65) and a system 
of computations s i m i l a r  t o  Scheme 2 .  This  scheme of computations w i l l  a l s o  

be t h e  same when mul t ip ly ing  qn' jpa 'Q d t  -pn' J' qn'Q d t  by 

SCHEME 4 

__ __ 
sin cos cos s i n  COSI _- ~ . -~ . -I __ - 7--

0 0 -51390 -101242 -98100 
1 4 - 2  - 6588 +5 -31808 -1 -k 25220 3 -2353 
2 +13 +50515 -4 j 52 15 - 8i39 
3 - 2  648 I -2 -7 - 178 5 - 3044 
4 - 2  8G7 0 I 926 1 -2 - 59 0 - 1039 
5 109 - 19 1 - 253 
6 + ?  i 10 - 5 - 121I 

7 - 2 - 2 - 3s 
8 - 2 - 1 - 14 
9 - 4 

10 - 1 

89' 

A f t e r  mul t ip ly ing  $ by mM=0.00041465834, where m i s  t h e  mass of 
J u p i t e r  and M i s  t h e  conversion modulus from n a t u r a l  t o  decimal logar i thms,  
we o b t a i n  (2 Ig r'). 

Knowing (6~')~ w e  may determine (6w') (Scheme 5) .  
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I 

SCHEME 5 

- _-
sin I cos sin 

-._ 

190038 
.-776 -360  776 - 6  ,45677 --4w i!fj453
-324 86 162 -30 16929 -1 I 6  17(J'31 ' -109 15 36 -10 5807 25 5933 
- 31 - 2  8 0 2013 - 2  202 1 - 10 2 - 2  684 - 2  65.5 
- 10 234 23-1 

-r 4 74 
27 
8 

SCHEME 5 (continued) 
_ _  . .  

I 

i' !
I 

i I sin cos 

0 1

i - 4 7 7  
209532 
I53757 

209532n't 
477.. . 

~ - 2 3 1  62120 115 
- 97 21533 32 
- 41 9465 10 
.._ 

Iti
5 

3587 
18.10 

:1 
1 

49 1 
181 23 
64 7 

I 22 2 
I 9 1 

( b )  Secu la r  and Mixed T e r m s  

Secu la r  and mixed t e r m s  i n  6 p '  appear because of t h e  presence of f r e e  
terms i n  pQ and qQ ( see  Scheme 3 ) .  I n  t h e  i n t e r v a l s  n ' j  pa'Qdt and n '  Jr q a ' Q d t  
this g ives  0.50051 n '  t and 0.00011 n '  t .  

SCHEME 6 
-

~ 

' 1q0.5005ln't p3.0001 l n ' f  (q0.50051n'f - pO.0001 In ' / )  -m ( 6 ~ ' )secul-r 
i .- ~ 

n'i sin n ' f  cos n't  sin n'f cos n't sin 

0 - 4  + 4  
49065 4-1 1 4DGliS -1 1 48886 
6095 1 GO95 - 1  17966 
1121 1121 6236 
24 i 244 2127 
58 58 718 
15 15 2-12 
4 4 81 
1 1 26 

8 
3' 
1 

5 9  
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.. - .... . .  

I 

There w i l l  be no t e r m  con ta in ing  t o u t s i d e  t h e  s i n e  o r  cos ine  s ign .
tll 

I n  f a c t  such a t e r m  might appear  because of t h e  presence  i n  tf I;;'' of  the  
fo l lowing  expres s ions :  r l l  

Consider ing t h a t  

The expansionof  a ' D t ' R  does not  con ta in  a cons tan t  t e r m ;  consequently,  t 
in ( 6 6 )  may l i e  ou t s ide  t h e  s i n e  or  cos ine  only on t h e  condi t ion  t h a t  t h e  

cons t an t  p a r t  of t h e  expansion (:,;-)',::__--~, 2 (:)'cos 7% i s  n o t  equa l  t o  zero .  

L e t  us  prove t h e  oppos i t e .  
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sin 

L e t  us no te  t h a t  

Then 

The f r e e  terms of t h e  expansion 

anomalies are 

W e  mu l t ip ly  C0-2.0 by e '  co - 4 * 0  by 2 ( 1  - e r 2 ) 2 ,  and C 0 - 3 ' 0  by -2 

( 1  - e") ,  add term by term, and o b t a i n  zero  i n  the  sum. 

Consequently the  under l ined  number i n  scheme 7 is the result of accumu
l a t i o n  of e r r o r  i n  the  computations.  

(c )  Constants of I n t e g r a t i o n  : 

I n  determining the  cons t an t s  of i n t e g r a t i o n  f o r  t h e  i n i t i a l  moment t0 

w e  t ake  t h e  moment of o s c u l a t i o n ,  t h a t  i s ,  1930 September 20.0. 

For t = t0 w e  have 

M;=275:169, 

M, =77f480, 

and. f o r  d i f f e r e n t  m u l t i p l e s  iM, + w e  compile the  t a b l e s  cos (iM,+ i ' M i ) .  

W e  compute t h e  cons t an t s  from t h e  fol lowing formulas:  
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For v e r i f y i n g  the  computation of p e r t u r b a t i o n s  and cons t an t s  w e  use an  
equat ion  connect ing t h e  cons t an t s  of I n t e g r a t i o n  i n  Equation (55) 

3 , 2 \  I a'C1,=A".cos p'C,-e'a'/<,- 1 + - e  
( 2 ' 

The cons t an t s  are 

CL'C,= -2.2758, 
a'/<l= -0.5195, 
a.'K2=-5.0496, 
C,=-2.7675. 

The v e r i f i c a t i o n  g ives  

-cos ~ f C ~ - e ' a ' f ~ l  , 3 ,,2 ) a'C,=-O.O t9, A,=-O.O- 1.6.i ' 2  

In  t h e  coord ina tes  of t he  pe r tu rba t ions  w e  are l e f t  w i th  an inde termina te  
p a r t  of  the  p e r t u r b a t i o n s  depending on the cons tan t s  of i n t e g r a t i o n .  L e t  us 
des igna te  them by ( 6 ~ ' ) ~and ( 6 ~ ' ) ~ .Then. 

W e  show i n  Scheme 8 t h e  p a r t  of t h e  p e r t u r b a t i o n s  which depends on 
t h e  cons t an t s  and is  computed according t o  t h e s e  formulas.  
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.... .... . . - .. __ _ _  . _ _  

Scheme 8 
~ 

n't COS 
-__ ..- .._ .

0 -17861 -+ -109. 80 1331:03 
- 7460 6874 738.01 -1973.72 663.41 
- 27ti8 2526 225.26 604.29 203.08 

3 - 2609 - 968 877 7 1.55 - 192.2'3 ( ; ' ; . r ; :  
I,. ...4 - 890 - 329 299 23.10 - 62.15 _.. . .  

5 - 301 - 112 101 7.52 - 20.25 n,n I 

(i - 101 - 37 32 2.46 - 6.62 2.21 
7 - 34 - 13 11 0.81 - 2.17 0.7 1 
8 - 11 - 4 5 0.26 - 0.7 1 0.2i 
9 - 3 - 1 1 0.10 - 0.24 0.0s 

10 - 1 0.02 - 0.08 0.02 

1 2 .  Determining t h e  P e r t u r b a t i o n  of 8'and i '  

1.2 conduct t h e  computations by Formulas ( 4 8 )  of Chapter 11, Sect ion  6.  
:: 

sin1 -G ~'=----ii- . s i i i N '  sc y'rt' [a'=,d R  sin N c t n J  -i-a -CilZ 
-__

1 + m '  d W  sin J 

cos 

sin i cos N OR C O S A "  
== 

1 + 
ni 

ni' 
sc y'tt' j'io' d R  

(c t n i' -
s in  i' sin J 

dR-1- -1 a' -sin N' cos
2 .ao 

The values of t h e  coe f f i c i en t s  e n t e r i n g  here,which depend only  upon t h e  
elements of P l u t o  and J u p i t e r ,  w i l l  be 

-sin N'ctnJ=0.0503451, ctni '- 	
sin i cos N 

=3.520250,
s in  i' sin J 

cos N '  3.659503, - sin N' =0.0523366, - -= 
s in  J s in  J 

JI cos N'COS-J --0.4951700, -1 sin N'cos--;= -0.0070817 
2 2 2 2 

13.  P e r t u r b a t i o n s  of P l u t o  by J u p i t e r  

Table  8 gives  t h e  p e r t u r b a t i o n s  of P l u t o  by J u p i t e r .  The p e r t u r b a t i o n s  
of t h e  loga r i thm of t h e  r a d i u s  v e c t o r  are given t o  t h e  seven th  decimal p l ace  
of decimal l oga r i thms ,  t h e  p e r t u r b a t i o n  of l ong i tude  i n  o r b i t ,  l ong i tude  
of t h e  node, and i n c l i n a t i o n  are g iven  i n  hundredths  of a second of arc. 
Translator's note: c t n  = cot. 
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TABLE 8 
-

2 i' 
i' -. . -__ 

sin sin 
1-

cos 
___- .- 1. 

0 
0 

1I -21929 -i 406.(?2
+1743.66n't 

.,- 9. 24 
- 2.7tin' 

+152.30 

1 
1 

- 8438 i845. I9 -1972.82 3 . x  - 0.54 $0. 1: 0.43 

2 
2 - 3130 256.48 + 262.98n't 

- 1.55 - 0.95 0.27 - 0.3-1 

3 - 1069 81.31 - 192.23 - 0.66 - 0.52 0.12 - 0.16 

I 

- 5  

3 83.70n't 
4 
-1 

890 
38711'1 

372 26.22 62.13 
27.0ln't 

- 0.26 - 0.23 0.07 - 0.07 

5 
5 

301 
!31ti'i 

127 8.53 20.24 
8.8ln't 

-. 0.10 - 0.10 0.03 - 0.03 

6 
6 

101 
42ri'r 

42 2.79 6.62 
2.87n't 

0.04 0.04 0.01 - 0.01 

7 
7 

31 
14fl'i 

15 0.92 2.17 
0.9311't 

- 0.01 - 0.01 

8 11 5 0.30 0.71 
8 6n'1 0.33ri't 
9 3 1 0.1 1 0.24 
9 ln'1 0.101l'f 

10 1 -7 0.02 0.08 
10 0.03n't 

- 6  - 0.G2 
- 7  - 0.04 0.02 
- 6  1 2 - 0.10 0.06 - 0.07 0.02 j- 0.02 

3 ti - 0.32 0.18 - 0.28 4- 0.14 0.06 0.10
- 4  10 19 - 0.91 0.53 - 1.17 0.69 0.22 0.37
- 3  32 56 - 2.66 1.52 - 5.73 3.24 0.96 1.63
- 2  91 160 - 7.62 4.37 - 29.11 17.11 5.08 6.50 
- 1  249 431 - 20.6G 11.66 -228.52 +I3351 +39.75 66.12

0 34 58 -1- 2.84 1.58 +176.03 - 21.93 -22.59 t 2.85
1 13 - 0.26 0.22 -231.21 66.70 +20.25 - 67.16
2 4 - 0.14 0.06 - 26.76 - 7.79 2.34 - 7.83
3 1 - 0.06 0.02 .- 4.62 - 1.38 0.4 I - 1.36
4 - 0.02 - 0.97 0.28 0.06 - 0.26
5 - 0.21 - 0.07 0.02 - 0.06
6 - 0.07 - 0.02 

- 4  - 0.02 0.02 - 0.07 + 0.07 0.02 j- 0.02
- 3  1 - 0.06 0.04 - 0.26 - 0.21 0.06 0.08
- 2  2 5 - 0.18 0.12 - 1.36 t 0.63 0.24 0.4 1 
- 1  5 10 - 0.49 0.30 - 10.76 y 6.26 f 1.87 3.1 1

0 1 2 + 0.06 0.04 + 6.42 - 1.03 - 1.10 t 0.12
1 1 - 11.45 - 3.31 + 1.00 - 3.33
2 - 1.38 - 0.41 0.12 - 0.41
3 - 0.26 - 0.07 0.02 - 0.08
4 - 0.07 - 0.02 

- 2  - 0.07 t 0.07 0.02 I- 0.02
- 1  - c.02 0.02 - 0.55 t 0.55 + 0.10 L 0.16

0 -? 0.46 - 0.07 - 0.06 - 0.08
1 - 0.62 - 0.21 f 0.06 - 0.1s
2 - 0.07 - 0.02 

I 
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CHAPTER IV 


PERTURBATIONS OF THE FIRST ORDER BY SATURN 


14. Elements 


To determine the perturbations of Pluto by Saturn the elements of Pluto 

given in Chapter 111 and the mean elements of Saturn given by Hill are used. 


The elements of Saturn in terms of ecliptic and equinox of 1950.0 are: 

Epoch 1590 January 0 Greenwich mean noon 

fM =284:717 

Q =  113°.481 
i- 2.488 

(0; 338.026 
e== 0.0560608 
a- 9.538843 
rt =120:4455 

1-=1047.4 
m 

The elements of the mutual position of the orbits, as in the case of Pluto-
Jupiter, are derived for verification from the two systems of Formulas (63) and 
( 6 4 ) ,  have the following values: 

N= 175:5174, n-162p509, sin -J -=0.127605, a-0.2413813,
2 

JN'= 179p3405, F=294f202,  COS -=0.991825. 
2 

15. Expansion of the Perturbation Function 


For expansion of the perturbation function in the case of Pluto-Saturn, 
the method of Newcomb's operators was used, as in the case of Pluto-Jupiter. 
The coefficients of the expansion of the perturbation function were derived 
on analytical computers. For verification all the computations were repeated 
either in another computer setup, or with replaced counters. The method of 
computation has been described in detail in Chapter I, Section 4 ;  therefore 
we will not consider it here. 
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1 

-~ 

2.0301271j /0.0583308 ~0.1333161 
0.2466560 I 0.2582243 0.2940814 
0.0445020 IO.0918991 /0.1933510
0.00902333 i 0.0275556 I 0.0851780 

0.000302941 
0.0000672332 

t 

0.5513056 1I 0.70-19659 1.221835 
0.1956464 0.43G7966 1.072057 
0.0585937 ' 0.1865173 0.633672 
0.0164384 1 0.0692006 0.298653 
0.004453!) i 0.0231820 0.122G04 
0.001 1808 0.0073220 0.0459114 
0.0003084 I 0.0022197 0.016119 
0.0000797 0.0006536 0.005368 
o.oo002043 i 0.00018767 0.001736 
0.00000526 I 0.00005302 0.000546 

Dc; 

TABLE 9 

D'% D ' C l  IYCi, 
- 

0.3034825 1 0.76S.57~ 2.2760571 6.124392 3-4.77603 174.02 
0 4108845 I 0.81095( 2.28.7(j545 8.282705 35.6S426 177.72 

10.427246 1 1.03151( 2.86761 9.59569 39.037 166.94 
n 768674 0.87G06f 3.01061 11.19200 46.268 217.72~. . 

0.130427 Io.54731: 2.35346 10.48880 49.160 237.14 
0.0544567 0.28 1 121 1.47080 7.s4173 42.904 243.64 
(1.0206194 0.12663E 0.7841 9 4.91077 31.222 202.61 
0.00729 I56 0.05 1972 0.37250 2.68921 19.579 144.66 
0.00245173 0,019902 0.1 6221 1.32861 10.932 91.05 
0.00079309 10.007222 0.06602 1 0.605301 5.558 5 1.67 

.. 

D"ci 
. .

i -
I 3.09661 10.5683 43.9670 2 13.40 1185.5 7433 
I 3.04463 10.4004 42.9004 ~ 208.80 1167.0 7312 

2.27464 6.94646 196.64 1114.2 7077 
1.33564 6.27444 170.40 1010.7 6586 
0.66279 3.68997 129.70 836.5 5771 
0.29224 
0.1 1821 

1.8959C 
0.87864 6.62 17 

86.54 
51.32 

617.2 
407.4 

4601)
3335 

0.37625 3.1970 242.6 2!76 
0.15122 1.4090 133.1 13OY 
0.0578C 0.601 7 67.3 721 

_____; 

D"Cs, D"c; D'ci 
- . .  . 

0.1 ti76506 0.457410 1.49389 5.9222 27.967 152.87 945.4 
0.0913534 0.323168 1.24661 5.3713 26.248 145.67 910.2 
0.0372198 0.166211 0.77919 3.6926 21.033 124.27 606.2 
0.013'294 0.07161 1 0.40191 2.3382 14.320 93.14 647.7 
0.0013429 0.027609 0.16189 1.2210 8.482 61.40 465.4 
0.00132I 0.009992 0.07496 0.5706 4.481 36.26 30 1.9 
0.0004056 0.003404 0.02881 0.2477 2.166 176.9 
0.0001 167 0.001111 0.0 1049 0.0981 0.970 96.4 
0.0000337 0.000348 0.003682 0.0383 0.410 48.3 
0.0000098 0.000104 0.001233 0.0122 0.162 23.7 

-

4 Dc; 
-. ._.__. ... . .

0.0554908 0.23887 

0.037816 0.18666 

0.018949 0.10960 

0.008040 0.05390 0.3737 

0.003074 0.02343 0.1830 

0.00109'2 0.00940 0.0826 

0.000369 0.00345 0.0342 

0.000120 0.00127 0.0136 

0.000037 0.00035 0.0050 

0.000016 0.00014 0.0017 


D3c$ D'c; 
-... -~ 

6.447 40.14 
5.812 37.22 
4.298 29.64 
2.696 20.39 
1.492 12.45 
0.744 6.82 
0.351 3.49 
0.150 1.61 
0.076 1.36 
0.026 0.30 
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TABLE 10 


2 

I U ' A i  a ' D A i  U'D"/li ( I ' D ' ' A ~  (I ID 'A i u ' D S A ~  u 'D 'Ai u ' D ; A i  u'D-:,4i 
-- -_. . .. -

c 
1 

2.02701504 
0.21192817 

0.05.5 1252 
0.251 1 134 

0. I Ili.584 
0,270611 

0.2;bSHfi
0.3(59917 

0.61357 1.6fi.'304 
0.66564 1.(isS(;.l 

5.260 
5.4W 

15.774 
l6.9lil 

54.47 
59.59 

0.04310661 0.0878910 0.1626.W 0.393730 0.90ii98 2.33.2 1 6.970 9 1.307 7.535 
3 0.00852-116 0.0228920 0.079300 0.2 16I99 0.76137 2.57 155 s.912 3).3S6 113.12 
4 0.00176911 0.00713861 0.028931 6 0.1 180'211 0:ldG 10 2.03372 6.(jSO 35.926 1.X.OO 
5 0.00037757 0.00 190013 0.009r,S66 0.0485302 0.24599 1.26786 {j..5fi2 32.777 lfi9.5O 
6 0.00006207 0.000~194s1 0.0029883 0.0180544 0.10976 0.66063 4. I03 24.212 147.35 
7 0.00001807 0.00012696 0.000;j929 0.0062877 0.04136 0.3 1483 2.231 35.380 106.85 
- - - .- . 

i a'GBi a'DalBi a'D?g?Bi a'D'1z?Bi a ' D  lz?B. z'D5j2Bi l'D ;z2Bi 

- __ ._..

0 0.0044G11 0.00561 -18 0.00947 1 0.02319 0.07633 0.3000 1.375 
1 0.0015528 0.003-1334 O.GO8294 0.0'2294 0.075G' 0.2942 1.357
2 0.0004567 0.0014587 0.00-16-k5 0.01707 0.06534 0.2733 1.293 
3 0.030 1258 0.0005%3 0.002240 0.00992 0.04566 0.2 169 1.I  3 4 
4 0.0000335 0.0001732 0.000906 0.00165 0102659 0.1 479 0.667 
5 0.0000087 0.0000537 0.000335 0.00211 0.01349 0.0865 0.577 
- __ .- - .  

1 a 'dCi  ~ ' D z l C i  a ' p z 4Ci n ' D  I; ICi 
.-- - .- .-_.. .-

0 0.000016 0.000044 0.0001-10 0.000J4 0.00248 
1 0.000009 0.00003 1 0.000 I I 7 0.00019 0.00233 
2 0.000004 0.000016 0.000072 0.00035 0.00156 
3 0.000001 0.000007 0.00i)037 0.00021 0.00125 

TABLE 11 


-

0 -9.04765305 -0.1049572 -0.231305 -0.6879939 -2.219F06 
I 
2 
d 

-0.(1009348 -2.079042 
-0.1934275 --I ,787659
-0.370:1236 -I ,864982 

4 
5 
6 
7 

---0.181!)430I 0.852516 
-0.0852800 1 --0.490551 
-0.0:366822 ---0.241315 
-0.01 13396 I --0,108428 

a'D3zzBi  1 c ' D D , 9 B i  
I 

0.06937696 0 . 0 8 ~ 1 0 ~ 3  0.141286 
0.02371 674 0.0520030 0.123161 
0.00684G91 0.0217061 0.07 12 1 9 
0.00185055 
0.00048288 

0.007(i69I 0.034537 
0.002.1831 0.0129 I O  

0.00012326 0.0007557 0.00-lGG7 
~ 

I 
a' D ,  d C i  

-~- I . a ' D D , i C i  
-

0.0005081 0.00 1354 0.00426 
0.0002706 0.000941 0.00354 
0.0001073 0.000472 0.002I7 
0.0000370 0.000198 0.00109 

-8.26609 --36.476 I 
--8,07720 --36.1459 
-7.26743 -33.9401 

- -6.02076 ---29.8157 
~-1.40492 -23.9208 

-2.70103 ~ 17.0I 6' 
-I .5(i909 -10.7559 
-0.78305 - 6.0752 

____. 

0.333 $97 1.05555 3.79437 
0.332268 1.05392 3.7-1673 
0.246189 0.91567 3.53553 
0.141347 0.63669 2.55289 
0.066 170 0.36708 1.91521 
0.029103 0.1636? 1.10435 

0.01625 
0.01470 
0.01051 
0.00619 
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TABLE 1 2  
-

a' d R  * 104 

___ - - dW' - d I! -____ 

sin cos sin j cos 1 sin 1 cos sin 1 cos sin cos 
_ _- - -- - .  .~ . .~ - ..---..-=_- -..-..- . . .- ~ . .  .. - .

0 c 10151.7 1 - - l O - l M i ( j  + 1.7 - 1.011 1- 150.8 27 15.3 313.2 - 3096.2 - 134.6 153.1 131.7 146.5 

2 87.2 70 i.2 198.7 844.S 1 123.0 249.6 - 46.5 I, 101.6 G5.0 _ _  61.0 

3 43.9 201.0 - 108.6 2 14.0 140.4 - 174.8 9.0 I 56.5 26.3 .- 35.8 

4 20.0 59.0 - 52.7 - 68.5 84.0 - 102.4 + 0.8 27.8 9.8 _- 15.7 - 23'5.4 80.7 

5 9.1 18.2 - 24.0 - 20.9 39.i __ 47.0 1.1 12.8 4.2 - 6.9 - 90.F 44.9 

6 3.5 5.3 - 9.6 - 3.7 21.9 - 31.5 2.5 5.0 4- 1.3 _ _  1.9 - 31.5 21.1 

7 0.E 1.1 - 2.3 Jr 0.1 1- 10.0 - 10.9 + 1.3 1.3 - 7.6 5.0 

-8 1 - 9 5 1 4- 1.3 - 3 - 1 -1- 8 -k 1 

--7 -I- I 5 40 15 - 9 30 -b 10 - 4 - 6 t 5 35 - 8 

-6 - i 19 - 110 52 - 9 33 2s - 4 - 22 -1- 4 I16 4- 40 

-5 - 71 87 312 197 - 1 -E 44 101 t 52 - 93 - 52 135 355 

-4 - 42( 415 - 1001 757 1- 75 - 15 432 38-4 - 422 - 385 1662 1682 

-3 - 232: 2129 - 3667 3078 531 - 466 214-1 2267 2138 22GG 6387 6970 

--L - 14001 12530 - 16908 14885 3548 - 3180 12537 13939 12536 . 13939 25059 2799s 

--1 --I202 1 4-IO7081 - 125512 -}- 111876 -k 31373 27635 4-107082 t1202ti0 -107084 120218 -k 107051 120210 

( 

1 
- 1 - 4590 

171' 
23 

41985 
-I- 1216 

107 

- {  45866 
I802 
299 

- 41855 
+ 1315 

1-15 

- 28456 
-{- 41631 

4797 

8972 
4667 

559 

- 41689 
+ 516 
+ 26 

- 48011 
f- 3654 

385 

- 1  41937 
- 1138 
- 9s 

.\- 45936 
lGlS 
99.4 

0 
- 1216 
- 213 

0 
1712 
46s 

4 14 74 27 7Y3 102 GO - 13 40 - 45 123 
I 3 20 7 144 21 10 - 2 8 - 9 31 
I -F- + 1 8 1 21 IO 1 ..- 1 c 2 - '2. 5 
I 3 4 0 '1 

-! - - 1 10 F - 3 7 + 2 - S 
-I 1 - 5 25 c - 1.5 24 14 - 26 
- - 2 - 10 31 C _- 3c 51 29 -.. '52 
-1 - 5 - 13 1% 61 56 ( -. 4: 111 40 t -

334 
_- - 12 32 I 11; 99 F - .  5: 241 53 1 - 243 - 61 624 

(1.. _- 4c 1081- - 27 572 20: 170 - 1  
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TABLE 12 (continued) 


a'R.10' u 'D'R.  IO' 
i i ' - 

sin 1 cos -sin 1 cos s i d  cos j sin 1 cos I sin 1 cos ' sin 

- ____ ======__ __. __ __ ~ __ I---______I -
I 

2 	
- 3  - 630 218 + 701 445 302 - 12 -: 158 65-1 1891 
- 2  - 2008 1435 - 625 163C 681 - 312 
- 1  -13562 -112143 - 13912 +I2212 

+ 5154 4686 - 1 - 5107 ~- 4747 0 
196 + 143 182 + 119 -+ 4790 

2 29 15 23 -k 6 597 93 4 58 
3 7 3 3 0 116 90 0 7 , 17 
4 2 0 1 1 26 4 0 - 1  2 2 . - 2 7 

3 

5 

-IO 2 3 . + 
-

8 
7 

-1 
-

1 
4 I 

! ' ..; 2 

-- 9 3 9 - 12 - 12 
' I 

- 8  5 15 10 - 17 11 ~ - 46 , 

- 7  10 23 - 16 - 20 28 i - 76 i 29 

- 6  19 39 - 2-1 - 44 i 
1 123 , - 123 I 58 I 

I30 57 27 - 66 177 93 ~ 

- 4  + 28 70 - 159 237 - 25 - 82 1os 280 ' I l l  
67 , - 114 - 130 0 - 80 150 32 j 145 -1 34 199 -1 45 

- 2 - 186 64 + 227 4- 79 - 81 86 -1- 228 1 - 78 , - 225 I 2% 3i-L 

+ 3.13 - 391 -+ 1150 -1. 1286 1 1138 ' 1285 ' -1 1147 , 1290 
'0 + 489 - 447 + 485 4-12 - 290 + 81 
I .-- 414 ~ 

, 
510 

I I -k  -190 I o j  0 
1 18 - 13 17 14 -1 451 I

1 48 + 5 i - 1 - I: I 18 . 
2 3 .1 6 2 5 
3 1 0 O I  1 

, 
I I 

I 
20 ,

2 1  I 1 
4 	 12 i - I G  - 1.3 1' .-- 8 9 22 i - 11 - - .  2-1 24 I 35 

106, - 107 - 1 - 30 31 4: 106 - i  106 I 116 
39 + 40 - 2.j - 1  8 39 0 
0 0 -; 11 6 0 .: 

> 0 . I  1 



-, 

- __ __ 

The derivatives of Laplacian coefficients are computed by Innes' 
method. In determining the coordinates of expansion of circular motion we 
limited ourselves with Formulas ( 3 )  and (11) to the same terms as in the case 
of Pluto-Jupiter. 

The values of the factors for obtaining corrections in the operators �or 
the indirect term in the case of Pluto-Saturn (Chapter 111, Section 10) 
will be: 

c ( - ~(1-a2) =16.883526, 2z-'a:=4.380167, 

u- 2  o 2 -0.279465, -2,z-' (1 -3') = -33.767052, 

- - ~ c ( - ' o  = -4.380167, ,--2%-.'~'7 . .  0.558930. 

Table 12 gives the coefficients of expansion of the perturbation function 

a'R and of its derivatives 


dR , a' d R  $IiR.a'D'K, a'DoR, a' =, a'
DW 

16. Determining the Perturbations of the Logarithm of the 

Radius Vector, Longitude in Orbit, Node and Inclination 


The computations were conducted according to the formulas and systems 

given in Chapter 111. 


The values of the integrating factors are: 


PLUTO-SATURN 
- - ~~~~ ~ 

i i' V.. ,  i' vii, / /  i . i' V. .
11' 

-- __ ___.. ___ __ 
0 1 +1.ooooooo -9 +0.1271149 11 3 -10 +0.0653580 

2 0.5000000 -5 0.2912522 -8 0.1 127790 - 9  O.OG1348.1 
3 0.3333333 -4 0.2255580 1 -7 0.1013490 - 8  0.0578023 
4 0.2500000 -3 0.1840450 -6 0.0920226 11 - 7  0.0546138 

6 0.1666667 -1 0.1345270 -4 0.0777188 - 5  0.0192602 
7 0.142857 I 0 0.1 185754 -3 0.0721 142 - 4  0.0469476 
8 
9 

10 

0.1250000 
0.1111111+0.1000000 

1 
2 
3 

0.1060058 
0.0958456 
0.0874627 

-2 
-1 

0 

0.0672635 
0,0630243 
0.0392877 I 

- 3  
- 2  
- 1  

0.0448423 
0.0429178 
0.0411517 

4 0.0804282 1 0.0559694 0 0.0395251 
1 -1 1 -0.3396280 5 0.0744410 2 0.0530029 1 0.0380223 

-10 -0.6383451 G 0.0692835 3 0.0503350 2 0.0366296 
- 9  -1.7650674 7 0.0647943 4 0.0479228 3 0.0353352 
- 8  +2.3070740 8 0.0608515 5 0.0457312 4 0.0341293 

5 0.2000030 -2 0.1551376 -5 0.0842680 1 - 6  0.0518125 

- 7  0.6976179 6 0.0437313 
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TABLE 13 -164-

i w’ i Q’ i i’ 
I i’ . ~- ._ -. .. . -

sin cos s in  cos s in  cos sin I1 cos 
. .  . -__  

0 I - 4-3307 - - 61k1 - <663 - -3dh0 
I - -216.53 I 1  + 2.81 n’t 

+2887 1242 -121.55 +277.56 2.4G + 0.07 -+ 0.03 - 0.04 
-1124 r r ‘ f  -108.48 n ’  
+loGI  461 - 37.28 + 85.05 - 1.29 - 0.62 0.20 - 0.21 
- 413 n‘2 - 33.20 n’+ 3G8 160 - 11.86 + 27.07 - 0.60 - 0.47 0.15 - 0.14 
- 144 n’i - 10.57 n’’ + 126 54 - 3.84 + 8.75 - 0.26 - 0.21 0.07 - 0.06 
- 49 n‘f - 3.41 R ’  

r + 	42 18 - 1.25 + 2.85 - 0.10 - 0.08 0.03 - 0.03 
17 n‘t - 1.11 n‘ 

( + 14 6 - 0.41 -+ 0.94 - 0.05 - 0.04 0.01 - 0.02 
( - 6 n’t - 0.36 n’ 

f 5 2 - 0.14 + 0.31 - 0.02 - 0.01 
I - 2 n‘t - 0.11 n’ 
f 1 - 0.05 + 0.10 
f - 1 n‘t - 0.04 n‘ 
I - 0.02 + 0.03 
5 - 0.01 n’ 

1( - 0.01 + 0.01 
I (  - 0.01 n‘ 

1 - I (  - 0.02 - 0.01- <  -i- 2 + 0.09 - 0.08 
- E - 3 - 5 + 0.92 - 0.14 + 0.29 - 0.10 
- i t 8  0 - 0.06 + 0.58 0.21 -1- 0.06 f 0.02 - 0.06 
- - E  G 0 - 0.12 0.31 0.14 + 0.04 0 - 0.03 
- c 7 - 2 - 0.18 + 0.08 + 0.12 0 - 0.01 - 0.04 
- 4  12 - 7 - 0.41 - 0.27 - 0.02 - 0.17 - 0.07 + 0.02 
- 29 - 24 - 1.13 - 1.14 - 0.87 - 1.01 - 0.33 0.28 
- 2  78 - 68 - 3.21 - 3.53 - 4.99 - 5.F9 - 1.71 1.51 
- 1  i 207 - 184 - 8.70 - 9.74 -37.55 -13.61 -12.6.5 4-11.13 

0 27 25 -1 1.17 4- 1.38 +10.93 t34.70 - 1.42 - 4.46 
1 1 0.10 - 0.07 4.54 -45.20 - i- 13. I 7 -i- 1.47 
2 + 0.02 - 0.05 0.50 - 4.70 1.37 0,15
3 - 0.02 0.08 - 0.70 0.2 1 0.02 
4 - 0.01 0.02 - 0.12 0.04 0.01 
3 - 0.02 f 0.01 

2 - 9  - 0.02 - 0.01 
- 8  - 0.01 - 0.02 - 0.01 
- 7  - 0.01 - 0.04 - 0.01 
- 6  - 0.02 - 0.06 - 0.01 
- 5  
- 4  - o.oi 

-
-

0.03 
0.05 + 0.02 

- 0.10 
- 0.14 

- 0.02 
- 0.03 

- 3  1 - 0.02 - 0.08 0 - 0.23 - 0.05 0.0 1 
- 2  2 - 0.09 - 0.14 - 0.21 - 0.47 - 0.12 0.08 
- 1  5 - 0.25 - 0.28 - 1.91 - 2.35 - 0.G5 j0.61 

0 1 - 0.03 - 0.04 + 0.74 - 1.82 - 0.04 - 0.21 
1 - 0.01 0.33 - 2.74 + 0.80 + 0.10
2 0.04 - 0.33 0.09 0.01
3 + 0.02 - 0.06 0.02 + 0.01 
4 - 0.02 + 0.01 

3 - 2  - 0.04 - 0.04 - 0.01 - 0.01 
- 1  - 0.17 - 0.14 - 0.04 - 0.02 

0 + 0.04 - 0.12 - 0.01 + 0.09 
1 0.01 - 0.19 -+ 0.03 - 0.01 
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To determine the constants of integration at the initial moment, the 

moment of osculation 1930 September 20.0 was also taken. The values of the 

constants determined by Formulas (67) are given below: 


a' C,=1.92450, 
U' K1=0.14707, 
U' K2=2.38300, 

C2=2.14096, 
C3= -6 1y6 1. 

Verification : 

A. = -0,068, 

(Ao) = -0.066. 

Table 13 gives the perturbations of the logarithm of the radius vector, 

longitude in orbit, longitude of the node, and inclination. 
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CHAPTER V 

PERTURBATIONS OF THE FIRST ORDER BY URANUS 

1 7 .  Elements 

The 	i n i t i a l  elements of Uranus taken according t o  Newcomb a r e :  

Epoch 1900 January 0 Greenwich mean noon 

hl" :-:74"314 

62 -73.711 

i- 0.774 e c l i p t i c  

UI == 96.036 1 and equinox 1950.0 

C- 0.047044 

a - 19.190979 

IL ---:42."234 34 

J- -22869 
m 

Formulas ( 6 3 )  and ( 6 4 )  g i v e :  

J
N=-217p451, U=-238:585. sin -=-~0.143694, 0:=0.485 630,
2 

N'- .181.597, fl' =291.945, cos L=0.989 622.
2 

18. Expansion of  t h e  P e r t u r b a t i o n  Function 

The ch ie f  d i f f i c u l t y  i n  expansion of p e r t u r b a t i o n  f u n c t i o n  i n  t h e  case 
of Pluto-Uranus,resul ts  from t h e  comparatively l a r g e  v a l u e  of c1 and 0. A t  t h e  
given v a l u e s  of c1 and 0 t h e  series d e t e r h i n i n g  a'Ai, d d B B ,. . . , converge 
ve ry  slowly. I n  a d d i t i o n ,  t h e  i n t e g r a t i n g  f a c t o r  w i th  a commensurability of 
1: - 3 ,  a s  w i l l  b e  shown i n  Sec t ion  19 ,  assumes t h e  v a l u e  V = -23.236119, 
which a l s o  demands inc reased  accuracy of expansion ot t h e  p e r t u r b a t i o n  func t ion .  

I n  o r d e r  t o  i n s u r e  t h e  seven th  p l a c e  a f t e ;  t h e  decimal p o i n t  i n  t h e  
loga r i thm of t h e  pe r tu rbed  r a d i u s  v e c t o r  and 0.01 i n  t h e  pe r tu rbed  v a l u e s  of 
l o n g i t u d e  i n  o r b i t ,  l o n g i t u d e  of t h e  node, and i n c l i n a t i o n ,  w e  must have: 
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-
i CI Dc; D2cf 
-	- ~ ... .  

C 2.1366956 0.3186380 0.6561020 
1 P.5362484 0.6561340 1.106737
2 1975359 0.4444023 1.1254 10 
3 0.08040439 0.26,23894 0.9104109 
4 0.03428644 0.1464652 0.6493686 
5 3.01 502 I I O  0.079274S 0.4290918 

3.006698260 0.01207661 3.2691760(I
7 3.0030i4434 0.02203281 0.1627302 
6 1.001378351 0.01142300 0.0956905~ 
9 ).000632695. 0.005877400 0.05507 131 

10 1.(;002920681 0.003003916 (1.0311543 
11 3.000133474' 0,001529852 0.0173785, 
- ~ _ _ 

i C; Dc; D?('
3 

- - .-_ . -. 

Q 1.762671 4.14 1592 15.6215 
1 I. 174740 3.723454 15.4295 
2 0.690374 2.62932 I 13.6081 
3 0.364597 1.945674 10.9276 
4 0.207946 1.254966 8.14560 
3 0.110305 0.774152 5.73126 
6 0.0577368 0.462239 3.65466 
7 0.0299259 0.269231 2.501 15 
6 0.0153917 0.153780 1.57643 
9 0.00767231 0.0664627 0.970 1OC 

10 0.00400617 0.0479666 0.56515C 
11 0.00203055 0.0263444 0.347017 
- ~

i c; Dc; 0%:  
-- _ _ ~  - -~~.._..__ .

0 2.12810 11.0221 72.676 
1 1.82638 10.2794 70.181 
2 1.34494 6.5396 62.569 
3 0.90568 6.5050 52.037 
4 0.57575 4.6460 40.734 
5 0.35135 3. I604 30.31 6 
6 I f.L'O807 2.0675 2 1.630 
7 0.12040 1.3114 14.897 
8 0.066413 0.61 110 9.9560 
9 0.038299 0.49126 6.4893 

10 0.02 1179 0.29233 4.1374 
11 0.011591 0.1 7135 2.5663 - __
1 c; Dc; D2c; 

_ _  -______._ --. - __ -

0 i 3.0723 24.895 235.9 
1 2.8452 23,746 228.5 
2 2.341 8 20.783 207.8 
3 1.7692 16.916 178.4 
4 1.2547 12.975 145.4 
5- 0.8460 9.4794 113.2 
6 0.5520 6.6539 84.77 
7 0.3487 4.5174 6 1.32 
8 0.2149 2.9619 43.06 
9 0.1297 1.9218 29.46 

10 0.0770 1.2134 19.70 
11 0.04503 0.75255 12.91 

TABLE 14 
- _ _  _ 

D3cI D4ci L ) F t c '  
1 Dkf  

_ _  ___ .-. . 

2.862381 12.56207 71.20731 500.9058 4209.59F 41 140.65 
3.034556 12.75669 72.18991 506.1OS2 4240.264 4 1359.Y7 
6.486879 14.19339 76.54974 5'%.9531 433o.:i5-1 42058.3)
3.4932:O 15.57728 64.28910 561,8992 4545.847 431 1 3 . 3  
3.053868 15.66675 90.79976 612.5677 ,16S1.33> 45724.1 1 
3.4 1 I390 14.31611 91.83906 653.723!1 3279.7.24 4901 1.BS 
1.767281 12.03926 86.36991 664.8005 .560 i.2(~7 5'2693.91 
1.224887 9.461436 75.61430 637.71118 5724.09.5 55742.57 
0.6132281 7.046596 62.ti7757 577.4.332 5573.90s 57 13B.90 
0.52 1681: 5.019691 49.34062 495,7746 5165351 5(i'L80.'2
0.325840E 3.448150 37.04926 406.0601 15ri7.001 ,531 15Ji6 
0.198891E 2.297896 26.87 141 319.1404 366b.W6 -160fi5.I7 
~. _- - . ~ -~-

D 3ci D'C; DF,& L)c;c; DTC'
3 U-C;3 

-. _ - ~ - _ 

64.9766 576.'38 4746.39 45600.3 501786 622002'1 
83.7694 572.116 47 10.51 45350.4 4996Y2 6200117 
76.9069 552.725 4602.01 44586.0 493307 6 13620!)
69.6219 515.342 4404.31 43254.6 482.334 6032 1X? 
57.9474 459.26 1 4096.28 41216.G 166032 5877728 
45.3908 369.993 3677.91 38354.1 443283 56(2,638!)
33.8335 316.100 3177.69 34679A 4 13'35 5367611 
24.1834 245.52 1 2641.47 30376.5 3760.32 503-IOG2 
16.6651 163.598 2116.29 25750.3 ' 333097 4607218 
11.1717 132.776 1636.63 21137.2 1 286849 4 119624 
7.29121 93.243 1229.95 16626.4 1 240112 3594171 
4.65492 63.613 697.645 13016.1 I 195509 3057510 
- -

I 

10-30 3 4  D4c; D'ci n;. 
-	 ..- ~. - .. ... ... ...- .  .~ 

I----
566.96 5562.3 60560 
572.75 5465.6 59766 
531.11 5180.9 57420 
467.54 4728.6 53630 
391.47 4 150.2 4861 1 
313.01 3504.C 42707 
240.17 2850.3 36352 
177.66 2239.5 29996 
127.31 1704.5 24025 
86.692 1260.3 16709 
60.279 907.64 14193 
40.084 636.70 10509 

D3c; ~ 4 c i . 1 0 - D5ci. 10

74446 1019-16 153659 
73661 101108 152821)
71422 966 15 149720 
67738 94531 141632, 
62771 68968 137661 
56747 62103 126913:' 
49956 74192 1 18773 
42876 65574 107412 
35611 1 56644 9 m i~~~.~ 

29142 47606 82640 
23129 39433 705(i2
17924 31501 58879 

~. - ..-._..- _..--  .. 

2563 3143 4291 6458 
2504 3087 4230 6383 
2334 2924 4052 6164 
2079 2672 377 1 5812 
1773 2357 3409 5351 
1453 2006 2993 4608 
1147 1656 2554 4216 
876.4 1324 2121 3605 
649.8 1029 1715 3015 
469.0 778.6 1352 2462 
330.5 575.1 1041 1966 
227.9 4 15.4 784.2 1537 



-- 
-- 
-- 

I 


i 


0 4.S00 
1 .I.X9 
2 3.98ti 
3 t'i23:$ 
4 2 4 ( i 9  
r 1.79s 
li 1.25s 
7 0.S52 
S 0.561 
9 il.313I 

10 0.227 
11 0.14 1 

I 

TABLE 14 (continued) I 6 7-
Dch LFc; II D3ch 

52.87 653.1 8955 
51.02 635.9 877 1 
413.08 587.8 824 1 
39.14 517.1 7437 
31.57 434.9 
21.33 351. (I
18.03 273.1 
12.92 205.7 
8.99(i 150.3 

(i459
5412 
1384 
34-13 
PW 1 

6.106 107.2 10511 
4.055 74.7 1425 
2.641 50.9 1014 

" L ~ ~ B L E1 5  
. .  

u ' U A ~  a'D2Ai u ' D ~ A ~  a 'D4A,  a 'U7Ai f2'LPAi 
- _ _ _-_ .. -_ _ _ _  

0.250 1I O  0.593627 1.571546. 4.612976 13.7447 21.505 - 274.25 - 4363
0.592+L2 0.8571 19 1.766579 4.937802 1-1.9753 27.452 - 242.71 4200
0.391'871 0.902105 2.295233 6.600466 20.2639 48.62(i - 138.90 36-13
0.225724 0.726997 2.429370 8.456797 29.9052 94.143 + S8.48 2473
0.122415 0.510320 2.1591 66 9.256941 39.5888 159.120 477.19 . - 2.12 
0.0643401 0.329925 1.70I772 8.805939 45.2234 223.782 985. I O  + 3 2 3
0.0331578 0.2012037 1.233262 7.521026 45.4991 268.591 1497.37 7675
O.(~l(jS5;)1 0.119071 0.8.10797 5.922958 41.3937 284.484 1893.13 12283 

i (~'5~B ,  a';' U B i  U ' G ~  DSBi 0 ' 0 2  DGBiD?Bi u'a2 D3Bi U'O' D l B ;  U ' G ~  

~ ~- ._ .
~ .. ...__

0 0.017137 0.037025 0.126304 
1 0.01 1 117 0.032997 0.123599 
2 0.006338 0.024566 0.168405 
3 0.003-!230 0.01C4748 0.08586 1 
4 0.00 17935 0.0 103384 0.062791 
5 0.00(;9220 O.OOijl978 0.043201 
(i 0.000-IG772 O.G03594(I6 0.028352 
7 0.00023496 0.00203249 0.017928 
--.~ 

I U'C* Ci U ' S ~DCi 
...__. .. - .  

0 0.0(~0298 0.001428 
1 o . o n o m  0.001 322 
2 0.00018 1 0.001081 
3 0.000 I I8 0.000805 
4 0.000073 0.000561 

. .  
I 

u'c4 L I T i  

0.008584 
0.008244 
0.007288 
0.005971 
0.004587 

. 

0.593849 3.45295 23.535 383.457 4374.41 
0.588345 3.43239 23.486 181.509 435 I .56
0.557831 3.35903 23.317 181.832 4286.2 1 
0.493830 3.17339 22.818 181.540 4176.83 
0.407142 2.85055 21.688 178.864 4021.67
0.315008 2.423138 19.798 171.812 3814.22 
0.230955 1.95244 17.270 159.520 3548.00
0.161 896 1.50316 14.469 159.273 3226.00 

a ' u d  D ~ c ;a'G2 D4Ci 

0.061927 0.518392 
0.060382 0.509486 
0.055795 0.482976 
0.048752 0.4401 15 
0.040352 0.384592 

T I  LE 16 

ca'UGD;A a a '  D;D,A 
. -.-~ 

-0.044998 -0.113152 --0.408746 
.go6054 

-1.867238 -10.046902 -GO.29012 -367.764 -1509.76 
-0.027688 
--0.0153560 

--0,090770
-0.063746 

-0.364982 
-0.298364 

-1.761670 
-1.578714 

- 9.819258 
- 9.327518 

-60.881 92 
-59.771 72 

-3713.438 
-386.832 

-1643.1 8 
-1845.00 

-0.0081346 
-0.0041964 

-0.041 150 
-0.0251086 

-0.224462 
-0.157894 

-1.327788 
-1.048712 

- 8.493428 
- 7.348630 

-57,72142
-53.72082 

-393.700 
-390.824 

-2079.20 
-2295.52 

-0.00212792 -0.0147204 -0.105376 -0.783142 - 6.038456 -47.83746 -374.554 -2445.70 
-- 0.00106626 -0.0083784 -0.067450 -0.557372 - 4.721308 -40.67576 -343.956 -24 8528 

-0.430680 -1 -10.~90664 -60. I3036 -362.158 -1462.8s 
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TABLE 16 (continued) 


sa' I ) s 2 B i  G U ' D D ~ G ~ B ~  
--. __ 

0.0323.12 O.O640(j6 0.191794 0.754 l(j0 3.350 1G 13.852 

0.020398 0.056526 0.168678 0.754074 3.3i074 1-1.150 

0.011254 0.041 1 12 0.16-1428 0.723&2S 3.40088 14.974 

0.058708 0.026770 0.128004 0.642-154 3.312G2 15.504 

0.025658 0.016258 0.091364 0.525208 3.03156 16.242 

0.014656 0.009411 0.061042 0.399350 2.59012 1.5.60ii 

ca'DS34Ci cu'DD,04Ci SO.'D~ Da04Ci ca'D3DDss4Ci 
. I 


. 
- - . . . .. - . . . . . .-.._ .... - -. .- 

0.001 1 1 6  0.005144 0.0293S6 0.199618 
0.000936 0.004742 0.026178 0.1945ss 
0.000662 0.0038~16 0.024768 0.179496 
0.000422 0.00'822 0.020 1.10 0.156220 

a'L)Ai,  a'ccDB i...,n'D,Ai, d U g c 2 B i  . .accuracywith 


u ' D ' A ~  . . . . . . . . . . . . . . . .  > 

n'D3Ai . . . . . . . . . . . . . . . .  )> 

u .D4A i . . . . . . . . . . . . . . . .  )) 

CL' DsA i  . . . . . . . . . . . . . . . .  )> 

n ' b A i  . . . . . . . . . . . . . . . .  )i 

ufD7Ai. . . . . . . . . . . . . . . .  > 

U'LPAi . . . . . . . . . . . . . . . .  )) 

The expansion of Dka'A. was extended to CJ 12 but further computations 
1 

showed that it could be restricted to o8 and terms of the second class. In 
computing the derivatives of the Laplace coefficients, Innes' method was used. 


Corrections for the indirect term of the perturbation function to the 
operators was obtained by each of the following factors: 

u-'( 1-az)  4.152683, 2 U b 2 G =  1.218592, 
u -2  0'=0.087552, ~ - 2 ~ - ' (  1-a*) =-8.305366, 

-2U-'Ga- -1.218592, -2 C 2 0 2 = --0.175104. 

The expansion of the perturbation function was conducted by Newcomb's 
operator method on analytical computers (see Chapter I, Section 4 ) .  

76 
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Table 17 contains the coefficients of the expansion of perturbation 
OR a'function a'R and its derivatives a'D'R, a'oDOR, a'=,dR a'dT, --D;R. 

19.. Determination of the Logarithm of the Radius Vector, /69
Longitude in Orbit, Longitude of the Node, and Inclination 

Computation of the perturbations was conducted by formulas and systems

presented in the preceding chapters. 


The integrating factors have values given below. 


PLUTO-URANUS 

-

i i' i' Vij' 11 i 
I,. 

,' . li 
0 0 1 

1 - - I5  - - I 1  -0:ll~!Jf80 4 - 3  0.1 13278 
2 -14 --lo -0.885ii54 'I 2 O.lOl752 
3 ~ 13 - 9  -7.7-1.373 !, 1 0.092.35.1 
'1 -12 - 8  +l.:'I8250 ' 0 l).0til.i4ti 
5 -1 1 7 0.531t~5 Ii 1 0.077955 
ii 10 .- G 0.34hX2.l ,: 2 0.0i2318 

9 - 5  0.258333 1, 3 . i -O.OGi.I . l  1 
s - ,1 0.705301 
7 3 0.170332 5 -15 - -1.13472'~L 

- 6  - 2  0.1,155.12 !I - 1 4  -+1.274181 

- - 1  0.127050 1 1  -13 0.560281 

- 4  0.322486 1 0 0.112728 11 -12. 0.359090 

- 3  0.343179 I 1 0.10130S / I  -11 0.264214 

.- 'L 0.235498. , 2 0.091989 -10 0.205994 

-11 0.203503 3 - ~0.08-12-10 - 9  0.171?SA!j 


0 0.169092 1 '  4 -0.077695 '1 - 8  0.147388 

1 0.144636 !I - 7  0.128455 

2 0.12GXO I! 4 -14 --0.460374 ' - 6  0.1 13833 


1 . - 3 1  3 0.112184 1 ;  -13 -0.S5R13G --.5 0.1021911 

4 0.100808 -12 ---s.siisn2o jl - 4  

3 
0.09272c'j 

5 i- O.ci!rl f:J; 1 11 . 1.?I)7!!i? 0.084855 
-10 0.5 17U!iO .) 0.D7S'IS 

17 l).:jt-i3(i2s Ij - 1  0.072541 
16 ~ ..I 9

8 0.2f12.13 ' i  0 0.067637 . 
--I5 0.207131 ,, 
--I4 1 -:! 0.171590 :' 

I3 0.146459 1 '  
-12 0.127749 !i 

A s  previously, the initial moment 1930 September 20.0 was taken in de
termining the constants. The constants determined are Formulas (67): 

a'C,- 2.5109, 
d K l  =- 4.0125, 
Q'K,=- 28 .66 ,  

C,= 1,7044, 

C, - -842:90, 
C,-= 0.7025, 
C, e-1.1989. 

7 7  
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--- 
--- -- 

--  
--- 

- - 

-- 

- - -  
--- 

- -  

-- 
-- 
-- 

- -- 
-- 

-- - -  

d Rn'D'R.101 n'-.10' 
dW" -~ 

sin cos sin cos sin cos s in  cos sin cos 
~- _____- .-

- 10639 - -12057 .- - 251 - 19 - .- 12 -. 
302 2753 - 728 - 3641 - 38 - 176 205 335 239 310 - 2753 303 

- 692 -+ 679 $110 202 270 302 136 140 1221 455 
- 463 62 108 - 160 208 181 - 63 .-. 44 - 340 362 
- 230 158 61 96 127 84 - 26 - 6 - 12 24s 
- 88 131 23 - 57 73 + 25 -_ 10 + 4 -1- 83 129 
- 23 79 1 29 35 - 3 - 4 i 2 72 57 
- 17 + 38 -t 3 .- 14 , + 17 +- 5 0 0 39 37+ 	 60 - 7 - 23 - 6 - 1 35 _ _  5 8 41 62 

120 0 34 - 24 14 76 - 7 - 33 71 149 
164 -. 60 - 60 - 20 - I  1 118 _ _  13 50 170 156+ 117 - 309 -102 - 15 87 178 _- 78 -_ 70 43I 4- 82 

- 252 - 875 ---I46 - 35 216 242 193 - 107 720 -.- 36 
~ 	 -3 -' 85 '! + i?S - 1906 - 2294 --I41 72 + 250 381 ' 218 284 -1.- 531 -I 25s

--2 - 2098 - 1347 - 7942 - 6596 - 31 - 83 12.52 2303 -c 1967 2321 - 2691 419G~-~ I

-28180 -21018 -41192 --30403 -1 -963 + 721 --20985 + 28767 -+2099I -28 149 -2IOlS +281SO 
+12466 + 8896 +11895 + 8976 -693 -1095 4- 9659 --I2571 8970 -+12490 0 01 -: - 75 + 473 - 250 1199 +211 ._. 77 - 473 - 75

I 2  - 6 - 19 + 22 507 - 17 17 , +- 14 + 6 .  + 37 ..- 11
3 - 10 __ 33 55 229 - 29 26 29 37 _. 1 101 - 29 
4 - 7 - 19 ! 49 95 - 21 - 21 + 7 18 21 - 5 71 __ 32 

, 	 .5 - 6 -. 6 36 28 - 1 4  - 5 - 3 , - - 16 8 3 31 - 31 
6 - 3 - 4 ,  20 10 - 6 '  0 1 ~ 6 +- 4 2 21 1-4

2 1-9 $. 10 12 : 101 - 23 31 -I- 61 i- 1 25 + 19 111 - 8s
-8 14 34 2s 187 45 25 122 29 85 14 269 - 1.19 
-7 44 35 - 49 207 52 23 133 , IO , - - 95 53 2.51 - 310 
-6 152 31 412 247 74 50 177 - - 221 110 260
-5 372 -1- 7 ' -- 1132 230 - 122 55 i - : - IS6 - 663 .- 114 693
-4 770 - 109 2405 4- 144 ---IS0 38 36 . - 1487 - : - 86 1-194 - 43s - 30S1
-3 1276 - 365 1353 912 -253 33 - 555 . - 2600 588 2577 . - -1046 - . 3827

'--2 - 1 - 1170 750 - 5223 - 1 - 1351 --274 73 -. .  1247 - 272-4 128s . :  2698 - - .  1503 23s 
- 3174 2181 2478 .-- 2313 -I- 41 . j  43 2098 -t 3291 , - 1 - 2175 . . 3375 . 21S3 -:  3174i -A - 1 - 1050 - 1 - 766 - [  1634 - 1 .  1115 280 - - 201 .I 866 - . 1193 ' - - 693 .! 949 0 0

1 _ - 66 29 259 199 . 75 ! 111 103 +- 326 - 7 120 29 - ( i t i
2 _. 25 3 I27 -1. 41 39 15 - 24 3 ' -1 - 10 50 2 - 49

' 3  _ _  9 4 , - 1 4  9 - 13 4 0 21 ... 6 -. . 30
4 __ 3 .-- 12 , . .  2 6 '  - 7 2 - - 2 - 7 _- 6 _ _ _  13 
5 ... 8 1 6 ... 4 I -t 1 2 0 _. 4 - (i 
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TABLE 17 (cgnt inued) 

I__i i f  
sin cos sin cos sin cos sin cos sin cos sin cos 

-_-_.I.____ -.I- -__- ..__.__ ._I_.--- .I -. -- *--- ___.- -I.-. .- i.:-.rI:" ~ 
-..-. --___- ---.-__ --._I_._._; 

3 .-. I O  . --.116 22 -b IO 43 - 1 .  12 81 - 1 - 30 *i-62 100 .--205 
Y 9 + :: - 3  

10 - 224 - 101 - 14 51 80 -161 24 157 -- 22 436 

- 7  I 06 -I17 - 476 -1- 384 - 19 73 - 253 --341 296 322 - 819 - 739 
.- 6 183 --255 - 820 950 - 47 107 - 660 -.-6O.l 689 676 -1528 -1095 

5 249 -458 -1080 I847 - 79 126 -1286 4 0 3  1304 773 ~ 2 2 8 4  -1251 
- 4  
- 3  

27 I 
+173 

-625 
---489 

-1090 
- 618 

2587 
4-2016 

-101 - 92 
152 
134 

--I849 
-1479 

-838 
-522 

1840 
-1-1475 

810 
-1-460 

--2498 
-1466 

-1088 
- 517 

- 8  59 - 23 - 253 - 16 --. 25 42 -1- 23 --I75 -1- 17 176 - 186 --473 

- 2  - 69 -1-121 + 278 - 622 - 90 20 -1- 379 -t100 - 411 --2 I3 -I- 239 -1- I40 
- 1  -320 -1 46 I58 341 -1 16 71 - 159 -1-325 -1- 92 -473 - 146 + 320 

0 -t- 62 -b 83 25 I - 12 - 50 20 + 8; --- 62 - 106 -!- 9 0 0 
1 - 10 8 

I-
47 
3 

- 46 
-t- ;7 11 

f 1 
I- 1; - 22 - 29 - 6 

8 -
1 
10 

2 0 3 - 25 6 - 11 2 
3 0 2 - 4 IO 3 4 I 5 -1- 1 5 I - 1
4 0 0 - 4 - 6 3 1 -. 2 - 3 

4 -1 I - 2  30 - 56 143 3- 22 -- 111 3- 3; + 121 - 7  - 333 - 19 
-10 4-31 --58 - 290 278 35 - 216 -229 219 +I72 - 578 - 311
- 9  -t- 32; - 60 210 285 13 30 - 213 .-lG4 219 +I39 --548 - 196 
- 8  -I -126 -1- 132 622 30 52 472 + 98 476 --.I19 ---IO11 -1- 289 
- 7  - 74 -206 325 1045 37 90 --815 238 805 -268 -1446 520 
- 6  -128 -272 635 1375 30 104 -1088 456 +lo74 --471 -1630 785 
- 5  -150 --263 802 ,1304 108 --I062 59 1 -' 911 -1-676 .-I317 750 
- 4  - 79 -121 -1- 462 + 549 -1-

2s 
9 88 - 493 -1-329 -1- 440 -358 - 475 -1- 319

- 3  -1- 49 $. 79 3-21.4 - 488 - 32 56 -t 268 -20-1. - 347 -1- 177 4-241 - 146 
- 2  - 16 42 -I- 88 - 262 - 14 70 80 -{- 46 - 163 - 64 87 
- 1  - 3  12 I- 15 - 81 --5 

-1-
18 25 4 - ;  46 - 1 1  I- 12

0 -1- 7 7 - 3 - 18 -1- 3 3 13 - 15 -b 11 0 
1 2 1 - 12 - 4 4 - 1  - 3 5 1 
2 I 0 - 5 - 0 2 0 -1- 2 

4 -t 1 - 2 2 - I 2 
3 -I- 1 - 1  -

+ 287 
5 1 - 1  -t 2 -1- 3 -1. 2 2 

-I2 -- 47 - 3  + 1: 22 I- 1 -.: 13 +235 13 -235 31 563 
-1 1 50 --42 277 288 20 20 --244 219 214 --2 I9 - 455 552 
-10 -. 27 41 I20 276 13 19 --- 233 88 233 --88 - 414 271 
- 9  ..- 92 - 25 539 141 42 12 - 111 433 111 - 4 3 5  - 226 832

8 --I39 - 35 826 209 71 26 - 190 687 177 4 7 6  -- 284 I l l5  
- 7  -151 31 910 180 65 35 --.179 745 157 --742 231 1058 
- 6  -119 13 724 -1- 37 55 33 - 71 GO3 -1- 40 .--574 - 79 717
- 5  - 26 0 -1- 155 - 69 33 36 L- 5 -+IS4 39 -I32 -1- 7 I- 133 
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0 TABLE 17 (continued) 


n' 
~ ' R . 1 0 1  n ' D ' R .  10' In' -.

i -
sin cos , cos 

. 

. 90s 
61+- 6 

..- 31 
1 '  

- 1  - '  1 
: o 0 - - 3  , 2 , 0 0 .  
!	 I 00 ; 

0
0 

0
0 4 0 O i I 

2 '  1 0 
G I --I3 -30 36 216 - - 2 S  16 , --18 

0 
1-217 ' 4-181 --217 ' 181 +4G9 , -1 :19 I1 -I2 -58 +I5 425 - G7 30 - 5 - 1 - 47 360 47 --3G0 f-I78 700 

i -~ 11 -41 -17 307 - 1  1'70 23 + 9 -~ 154 260 -+I54 .- 260 -187 4 -1:i 

- - - I O  ' --55 43F 370 . 24s 27 --I9 - i2C9 , 311 . 209 ---311 -: 359 511 
- 9 '  -64 58 421 - -408 46 -27 319 379 ---317 --361 518 52; 

b s --45 42 299 -29s 4s - -24 258 287 - 255 - -260 346 :d3:1 
' -. '7 -.2G -1-24 -1- 137 ---IS3 40 - - I6  -t 157 -! 285 -.IS? --313 ' -1-175 - ;  3s5 
* - 6  + 8  ' - 5 .  ---8,5 -1- 15 33 . 1 0 . 24 + . - i - 62 - 9  ._.I7 
. -. 5 23 -15 ' --I89 -;-111 24 -1- 8 89 -IO7 + 8s . 140 - 72 4 1  I 

4 11 - 83 33 1'4 1 -1 24 41 -~ 26 63 -1- 18 . - .I5 

- 2  0 0 - 5 -t 1 0 . 0 
- I 0 0 - 2  0 0 0 

7 - -14 IO 43 - 83 -.343 6 - 24 299 72 - 299 72 - -1.L I 
--I3 
--12
- - I 1  

15+ 5
5 , 

62 
21
34 I 

-.-I21 
43

-1 2s 

- -503  
- 177 
...268 

- - 8 
4 
0 

, -34 
--15 
--21 

436 
150 
231 

---IO5 
36 

-i24 

- -43G 
--I50 
--231 

105 
:.  3G 

24 

809 
257 
35I 

. .I!)? 
- - (Y2 
-!. 51 

-- 3 2 +; 15 - 9 -;-2 + 2 7 5 9 I O  7 ( i  

--I0 - - 5 54 .i "3 - 417 0 -27 362 .~ .17 ...,'j@j 1'7 510 . , - . I [  
, 9 .!. 1 32 13 -. 25'7 2 ---I8 221 - 13 - 221 - y  13 291 . - I I  
, - 8  - 4  ' + 1 4  - !  22 --IO9 ^ ' _  2 .. . 8 - ! - 88 -: 18 SS - - 18 -1-106 1- :10 
' - - - 7  -.4 ' 0 . : .  +34 -,  13 7 

- i  
0 .. 7 . 

-! 
32
3 

.; 7 . . 28 I[ - 1 - 35 
' - 6 - 7  --_ 4 ' _ j  54 G 3 49 -; .1$) .;. .I -_ .I" . .  2 

- 5  4 ' + I  28 - .  8 3 - 1  -;-10 - - 21 - 10 ' 2,:) + G 90 
- 4 1 I 4 - 1 1 0 5 - 5 . . I 7 3 . Is ....12 3 14 ' 27 - 113 - 1 - - 6  95 - . 23 $I,-) 23 IF3 

1 1  4 IS 33 .-I38 1 2 . s , 123 29 - 11'3 99 ' 193 . I f ;  
- I O  -!- 1 . 3 .-. 5 --'Lo I 0 - 2  20 - 5 - 2 0  : - 6 '  29 7 
- g 1 2 - 1  10 - 13 - ;  1 - - 2  > 9 - i  s - 9 - 8 14 ' I:! 
- 8  - 1  -1- 3 7 - - 2G I - 2 ,  - i l G  6 - I6 - - 0 - 1 - 20 . I  8 

, - - 7  0 0 -[. 1 .' 3 1 - - .  1 0 0 0 ' 0  0 I) 
-. tj 0 . - 2 0 -i-10 0 0 - 14 - !  14 . . 3 ' .-12 . :  3-_r 0 - i - 1 2 2 0 - 1  5 . - I 
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-- 

- -  

-- 
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ti' 

-i' 


sin cos sin I cos 

I! 

0 +792 -842.90 -38.03 4-6.56 
0 I '  46.38 n ' t  - 2.72 tl't 
1 5318 - 491 + 49.72 --513.64 - 1.91 + 0.43 4-0.02 +0.1 'I 
1 - 2.H; r z ' f  + 1 n'f 0.14 n ' f  - 23.78 i ' i  
2 1953 - 18'3 + 14.96 -157.18 1.07 -- 0.62 0.25 . - 0.20 
2 
3 - 677 64 + '1.74 - 49.99 - 0.57 - 0.41 ' 0.15 - 0.15 
3 - ~ -31. rr'! 0.01 n' t  2.32 rz't 
'1 
4 
5 

- 211 
_ _  11 r r ' l  
- 78 -

22 

8 

f 1.54 

0.49 

- I & . I , t  
- 0.75 r l ' t  

5.26 

- 0.26 

- 0.11 

- 0.17 

- 0.05 

0.06 

+0.02 

0.08 

-0.04 
5 .- 4 r1 ' i  - 0.24 /1't 

91 i l ' l  + 1 r z ' f  - 0.04 r z ' i  - 7.28 n't 

6 	 . - 26 - 3 0.16 - 1.72 - 0.05 --O.O:' 

7 - 9 - 1 0.06 - 0.57 - 0.02 0.01 0.01 
7 0.03 r a ' t  
S - 3 0.02 - 0.19 
8 - 0.01 n' t  
9 -. 1 0.01 - 0.06 

10 - 0.02 
I1  - 0.01 

-13 
-12 

0.0 1 
0.02 + 0.01 

-I 1 
- -10 

. 1 
2 

+ I 
3 

0.06 
0.19 

0.04 
0.12 

- 9  
- 8  

6 
. - 17 

0 
26 

0.58 
1.74 

0.36 
1.1 I + 0.01 - 0.05 -0.02 

- 7  49 77 .5.35 3.41 0.06 - 0.09 -- 0.03 0.02 
- 6  . - 143 225 16.55 10.55 0.07 - 0.21 -0.07 0.01 
- ~- 413 648 51.98 33.18 0.07 - 0.54 -0.16 ;-0.01 
- 4  
- 3  

1121 
- 249 

17tiI.i
+ 475 

169.53 
679.41 

108.48 
-159.39 

0.33
4-17.62 

- 1.52 
--35.45 

-- 0.39 
--G.31 

0.0b+ 1.95 

k; -_ 1 r z ' t  - 0.07 /r't  

- 2  l- 990 -2 135 2 10.72 90.93 - - 0.9s -+ 0.33 ~ 0.39 ---0.23 
- I  434 - 737 66.13 25.80 + 3.83 5.40 - -1 9.5 - 1.41 

0 118 - 281 19.92 9.73 3.98 + 2.52 +0.52 --0.3 i 
1 43 - 96 6.61 3.02 -f 3.69 0.48 +0.15 +1.06 
2"9 5 - 11 0.71 0.32 - 0.09 0.05 -0.01 -0.03 
4 2 - 4 0.23 0.1 1 - 0.03 0.03 -0.01 -0.01 
3 
6 

1 - 1 0.08 
0.03 + 0.04 

0.01 
- 0.01 0.02+ 0.01 

-0.01 

7 0.0 1 

14 - 33 2.16 0.98 -t 0.01 -+ 0.04 -0.0 I -0.0 1 

I 

-15 - 0.01 
-14 .0.01 -' 0.03 
-13 1 0.02 - 0.09 
-12 
-1 I 

5 
13 + ;  0.05 

0.15 
- 0.28 
- 0.85 

--IO 37 7 0.48 - 2.60 
- 9  
- 8  

109 
315 

20 
59 

1.50 
4.68 

- 8.03 
- 25.21 

- 0.11 
- 0.14 

- 0.08 
- 0.23 

-0.02 
-0.07 

{-O.O-I
0.05 

- 7  
- 6  

862+ 478 
160 15.34 

64.44 
- 82.17 
-326.94 

- 0.24 
- 6.97 

- 0.51 
- 9.14 

-0.13 
-1.77 

0.10 
+2.34 

5 -1448 5 1% 17.81 -144.26 + 0.67 + 1.43 +0.20 -0.24 
- 495 - 73 5.85 - 40.95 0.23 I .01 0.1 1 -0.10

i r 4  
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TABLE 18 (continued) 

6 log 
~i' 


sin 
_.~ 

- 3 -155 
- 2  	 - 46 

1 - 16 
0 - G 
1 - 2  
2 - 1  
3 
4 
5 

--17 
--16 
--15 $ 1  

3
-14 

-13 8 

-12 23 

-1 1 67 

-10 184 

- 9  +139 

- 8  -275 

- 7  - 92 

- 6  - 28 

- 5  - 7  

- 4  - 1  

- 3  

- 2  

- 1  
' 0  

1 
2 

-13 

-12 4 - 1  

-1 1 - 5  

-10 4 - 3  

- 9  + 2 

- 8  0 

- 7  - 1  

- 6  - 1  

- 5  - 1  

- 4  

- 3  

- 2  

- 1  

-14 + 1  
-13 - 1  
-12 - 2  
-1 1 - 2  
-10 - 1  
- 9  - 1  

8 - 1  
- 7  - 1  
- 6  
- 5  
- 4  
- 3  

.. . .  -. . .  

c3s sin cos sin cos IT cos 
. . .-. - .  ... _- . _  . - -. .. - -. . .~ _ _  

I! I/
-30 $2.12 -12.01 +0.13 + 0.94 +0.03 -0.04
-12 0.83 - 3.56 0.21 - :O. iG ;-0.07 -0.08
- 3  0.32 1.26 -,o.ox -0.10 -0.1.3 .- 0.1 1- 2  0.08 0.38 -0.38 -1-0.5 1 -0.1 1 0.09.
- 1  0.04 0.13 10.17 0.12 -0.05 :-0.04 

+0.01 0.05 , 0.02 0.05 -0.02 
- 0.02 0.01 0.02 -0.0 1 

0.01 	 0.01 
4-0.01 

- 0.01 
- 0.02 
- 0.0G 

-. 0.18 


-0.01 - 0.56 

-0.02 1.72


- 1  -0.06 .--5.41

- 2  -0.24 -17.66 -0.41 -;0.11 +0.05 0.12

-16 -5.73 -75.65 -4.31 -1.03 -0.03 -;1.35

+E8 -5.88 --27.29 4-0.53 +0.30 - k0.03 -0.15
+1; -0.98 - 7.62 0.42 0.10 --0.01 -0.09- i 0 . 0 5  - 2.16 0.40 0.17 -0.01 -0.07
- 5  0.25 - 0.57 0.35 0.21 -0.06
- 5  0.22 - 0.13 0.34 0.22 --0.05
- 3  0.12 - 0.03 0.25 0.17 -0.02 --0.03 

0.03 - 0.02 0.03 0.15 -0.06 +0.02 
0.01 - 0.01 0.09 0.16 -0.07 0.02 

0.02 0.06 --0.02 0.01 
0.01 jo .01  0.01 
0.01 

.- 2 0.06 - 0.01

- 9  +3.93 -t 0.05

4-62 -7.18 - 0.41 0.27 -0.55 -0.17 -0.05 


2 ;  
17 	 -1.58 1- 0.19 0.20 -0.23 -0.09 -0.04 

-0.35 4- 0.09 0.11 -0.05 -0.02 -0.02 
-0.01 0.15 -0.09 -0.02 -0.02

- 2  +0.08 - 0.03 0.20 -0.09 -0.02 --.:.01
- 2  0.08 - 0.04 0.19 --0.06 -0.02 -0.02
- 1  0.06 - 0.04 0.23 j0 .04  4-0.59 4-0.92 

0.03 * 0.02 	 0.12 -0.01 -0.02 0.01 
0.07 t0.04 -0.01 0.03 
0.08 0.02 -0.01 0.03 
0.02 io.01 +0.01 

-1- 0.05 
0.02 - 0.06 
0.04 - 0.13 -0.09 -0.01 

- 1  0.04 - 0.05 0.04 -0.03 -0.01 
0.02 .- 0.05 0.02 -0.08 -0.01 
0.01 - 0.05 0.04 -0.1 1 -0.01 
0.01 - 0.03 0.05 -0.09 -0.0 1 t0.01 

- 1  0.05 - 0.08 0.06 -0.06 -0.01 -0.01 

- 0.02 0.04 -0.0'7 -0.01 0.01 
- 0.01 0.04 -0.03 0.0 1 

i 0 .03  -0.02 -1-0.01 0.01 
--0.02 -0.02 4-0.01 0.01 
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Verification: 


Ao= -0.07, 
(A,) =-0.09. 

Table 18 contains the perturbations of the logarithm of the radius vector, 

longitude in orbit, longitude of the node, and inclination. 


Y 
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CHAPTER VI 


PERTURBATIONS BY NEPTUNE 


20. Perturbations of Pluto by Neptune 

Difficulties in determining perturbations of Pluto by Neptune are the 

result of the peculiarities of the motion of these planets. The major semiaxes 

of Pluto and Neptune and the eccentricity of Pluto are such that the ratio of 
the radius vectors takes on values close to unity. 

Under these conditions the ordinary methods of expansion of the perturba

tion function cease to have effect; therefore we had to have recourse to 

numerical integration. 


In determining the perturbations of Pluto by Neptune we decided on the 

Cowell method of integrating the equations of motion. 


We limited ourselves to 


as the operating formulas. 


The integration interval was 160 days and even the second difference 
rarely exerted enough e f f e c t .  

In Formulas ( 6 8 ) ,  as usu.1, the integration interval is designated by w 
and 

In computing f, g, and h, we use Comrie's tables (1933). 
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TABLE 19 

s -1) 

. . 
I 

13 -1- 0.190280 42.787975 13.465372 
27 - 0.523914 42.567285 13.613436 
13 - 1.243931 42.?J2143 13.756884 
29 1.9(i352I 42.08:!470 13.805606 
13 - 2.682430 41.818186 14.029304 
30 - 3:100397 41.530'214 14.158t75 
15 - 4.11715f 41.2 15181 14.282 114 
1 - 4,832-135 40.9.'lti913 14.40 I217 

16 - 5.545955 40.6 131-12 14.514776 
30 - 6.257431 40.273000 14.622985 
16 - 6.9ij6571 39.Y21526 14.725736 

I - 7.673077 3O..i35'2957 14.822919 
17 - 8.37664-1 39.160238 14.914124 
2 -- 9.07ti959 3S.770317 15.000140 

19 - 9.773704 38.3561-13 15,079955
5 -10. 166550 37.926673 15.153755 

21 --11.155164 37. lSIX(i6 15.221128 
4 -1 1.839203 <37.021ti89 lr5.2x2S.-)9

20 -12.5 I8317 36.5461 12 15.337932 
5 -13.1 92146 36.0551 10 15.38G531 

20 -13.860325 35.548666 15.12S540 
7 -1 4.522478 35.0267G9 15.463842 

22 -1 5.17822 1 34.4894 14 15.492319 
8 -15.827162 33.936604 15.513854 

2.1 -1G:i(iS899 33.368350 15.528328 
7 --17.103022 32.784671 15.535624 

24 -17.729 1 11 32.185394 15.535622 
8 -18.3.16738 31.571 I56 15.528206 

21 --18.955464 30.941405 15.513258 
10 --19.55.1842 30.296397 1 ,5.490660
2ti -20.144 116 29.63620 I 1,5.4602C5
11 -20.723719 23.9l;l)S38 15,4220.19
27 -21.2022 75 28,270579 15.375507 
10 -21.8 19GOI 27.56533 1 15.321456 
27 -22.39.7201 26.845332 15.258883 
12 -22.928573 26.1 10658 15.187979 
27 -23.4 19203 25.361477 15.108636 
13 -23.95657 1 24.597954 15.020749 
29 -24.450148 23.820273 14.924215 
15 -24,929394 23.028634 14.818935 
30 -25.303761 22.223255 14.70-1814 
13 -25.842703 2 1.404375 14.581755 
30 -26,275652 20.572253 14.449680 
15 -26.692043 19.727I70 14.308497 
1 --2~.091301 18.869428 14.158131 

16 -27.472819 17.999352 13.998511 
2 -27.S36104 17.117294 13.829570 

18 -28.180477 16.223628 13.651250 
3 -28.505380 15.318756 13.463499 

ds
160 

d t  

-0.3~3010014 
-0.360073233 
-0.35992274 
-0.3.5964629 
-0.85924 103 
--0.35870408 
---0.35803245 
-0.3572231 0 
-0,35627286 
-0.3551 7819 
-0.35393667 
-0.3~254 100 
-0.35099696 
-0.34929 I95 
--0.34712532 
-0.34,7),3!):j30
--0,3%319205 
-0.3 1081 761 
-0.33826597 
--0.33553301 
-0.33261456 
-0.32950637 
-0.32620407 
-0.31270330 
-0.31809959 
-0.3 1508836 
-0.3 1036507. 
-0.30662509 
--0.30106377 
-0.207276 15 

0.29225839 
-0.28700 $90 
-0.28151131 
-0.27577298 
-0.2G97852.1 
-0.2ti3.54358 
-0.25704351 
-0.25028065 
-0.24325079 
-0.23594982 
-0.22837385 
-0.22051917 
-0.21238239 
-0.20396031 
-0.1952501.2 
-0.18624935 
-0.17695594 
-0.16536829 
-0.1 5748528 

d 1116u A 

d t  

-0.10674(j13
-0.1 13% 1 1 1 
-0.121 I9699 
-0.12848283 
-0.13S80760 
-0.1 1702I 
-0.1 50,339-1.5 
-0.15800.1C)S
-0.1 6.5472i 1 
-0.1 7297386 
-0.1 80.30593 
-0.1 RSOIj722
-0.195GL91 
--0.20:327002 
-0.2 1090747 
-0.2 1S 3 3 8  
-0.2262 1316 
-0.2,3393647
-0.2 1164312 
-0.219:36020 
-0.2570845S 
-0.2648 1293 
-0.272541 73 
-0.28026718 
-0.28798528 
.-0.2'3569178 
-0.303382 14 
-0.31105160 
-0.3 1569502 
-0.32630705 
-0.33.388193 
-0.34141 380 
-0.3188% 13 
-0.35632221 
-0.36368500 
-0.37097701 
-0.37819036 
-0,38531678
-0.39234759 
-0.39927367 
-0.4OtiOY5 13 
-0.41277289 
-0.41 932559 
-0.42573260 
-0.43108253 
-0.438063.53 
-0.44396332 
-Q.41966911
-0.45516564 

d2160 
d t  

0.07517201 
0.07288630 
0.0705.50-12 
0.06816378 
O.OG572588 
0.0632.3618 
O.OdG9 116 
0.03S09931 
O.O.535109 
0.05274900 
0.0-199925.3 
0.017 18119 
0.0 14:31.15 1 
0.0 t 139208 
0.038 11:i3fi 
0.0;15.3771i.1
0.0322XT)15 
0.029 13.519 
0.02.592771 
0.02266183 
0.01932754 
0.01595460 
0.01251281 
0.0090120li 
0.00545227 

i-0.00183339 
-0.00184432 
-0.00558136 
-3.01J9'3;1jO2
-3.0132.3090 
-0.01i 1,1293
-3.021 1 12.53 ' 

-3.u2513909 
-3.02922 IO3 
-3.0333601 7 
-0,03755283 
-0.041 79877 
-0.0 ICi09(i72
-0.0501-1521 
-0.05484257 ' 

-0.0592S698 
-0.08377636 
-0.06830351 
-0.072SS086 
-0.07749072 
-0.OS213506 
-0.0868 106-1 
-0.09151389 
-0.09621096 
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TABLE 20 

ilg,,a - 1  GCr to8 3,' k' 6Q.l ~CJ 1., ~lglor'.l ;a' 

- _ _  ~- -.- -_.. ___... ..- ... ___._ __ - ~- . .. ._ 

P I, ,!
1:! --5655 -449 1 -34.83 -+53.SF - -0.4 1 $0.60 - 587 -0.23 
27 -5268 -431 1 -32.45 49.6: -0.36 0.57 - 529 -0.22 
13 -4893 -412F -30.1 Q 45.62 -4.33 0.55 - 474 -0.19 
29 -4528 --3933 -27.92 /11.77 -0.28 0.52 - 420 -0.15 
13 -4174 -3731 -25.77 38.1C -0.25 0.49 - 370 -0.12 
30 -3829 --3526 -23.70 34.51 -0.23 0.46 - 323 -0.10 
15 -3495 -3318 -21.69 31.22 -0.20 0.4'2 - 281 -0.08 

1 -3175 -3 102 -19.77 28.00 -0.1 8 0.38 - 241 -0.08 
16 -2S67 -2881 -17.92 2,1.97 -0.15 0.34 - 201 -0.05 
3G -2569 -2656 -16.14 22.06 -0.12 0.31 - 172 -0.0.1 
16 -2279 -2-428 -14.39 19.32 -om 0.27 - 140 -o.o:< 
1 -2001 .--2 198 -12.72 16.71 -0.07 0.23 1 1 4  -0.o:! 

17 -1737 -136.3 -11.11 14.2s 0.06 0.20 - 90 -0.01 
2 ---1-185 -1724 - 9.55 12.00 -0.04 0.16 - (59 -0.01 

19 -1246 -1481 - 8.03 9.90 -0.02 0.13 - 52 0.00 
5 -1015 -1236 - 6.58 7.92 0.00 0.10 - 36 0.00 

21 - 789 - 992 - 5.18 6.07 +0.01 0.07 - 2% 0.00 
4 - 573 - 746 - 3.82 4.32 0.01 0.05 - 12 0.g0

20 - 368 - 498 - 2.50 2.73 0.01 0.03 - 4 0.00 
5 - 177 - 249 - 1.23 + 1.29 0.m +0.01 0 0.00 

20 0 + 250 
0 0.00 0.00 0.00 0.00 0 0.00 

7 + 167 + 1.18 - 1.15 0.00 -0.01 - 1 0.00 
22 330 50 1 2.35 - 2.21 0.02 -0.03 - 6 0.00 
8 491 750 3.47 - 3.19 0.01 -0.04 - 12 0.00

24 (544 995 4.53 - 4.07 0.00 -0.05 - 22 -0.01 
7 755 12'10 5.57 - 4.81 0.00 -0.05 - 33 -0.0 

24 917 1485 6.60 - 5.43 0.02 -0.01 - 47 $0.01 s 1037 1730 7.61 - 5.95 0.02 -0.04 67 0.03 
2-I 1147 1972 8.57 - 6.23 0.00 -0.05 - 89 0.04
10 1253 2208 9.50 - 6.62 0.01 -0.04 - 111 0.07 
26 1356 2133 10.40 - 6.79 0.03 -0.03 - 133 0.10 
11 1447 2678 11.29 6.79 0.04 -0.02 - 159 0.13 
27 1532 2906 12.16 - 6.80 0.07 -0.01 - 188 0.18 
10 1612 3129 13.00 - 6.81 0.04 0.00 - 220 0.24 
27 1681 3352 13.80 - 6.59 0.04 +0.01 - 25s 0.26 
12 1743 3.57 1 14.58 - 6.35 0.07 0.03 - 298 0.32 
27 1799 3786 15.35 - 6.04 0.09 0.05 - 341 0.38 
13 1856 3994 16.11 - 5.60 0.11 0.06 - 384 0.48 
29 1910 4198 16.85 - 5.19 0.14 0.08 - 428 0.57 
15 195I 4397 17.55 - 4.67 0.16 0.10 - 477 0.66 
30 1985 4590 18.24 - 4.11 0.19 0.12 - 529 0.77 
13 2015 4780 18.92 - 3.33 0.23 0.14 - 552 0.88 
30 2045 4963 19.59 - 2.66 0.26 0.17 - 638 1.02 
15 2077 5142 20.24 - 1.91 0.32 0.19 - 693 1.17 
1 2098 5319 20.88 - 1.07 0.36 0.21 - 754 1.33 

16 2109 5455 21.51 - 0.20 0.41 0.23 - 819 1.50 
2 2116 5653 22.14 + 0.77 0.46 0.25 - 886 1.70 

18 2124 5819 22.74 1.61 0.47 0.27 - 956 1.91 
3 2144 5972 23.32 2.65 0.52 0.29 -1024 2.13 

*(lg = log)  
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A s  the initial moment of integration, 1930 September 21.0 was chosen. 
For this and adjacent moments the coordinates and velocities of Pluto were 
calculated from the formulas of elliptic motion, and the initial terms of the /78
columns of the sums were determined from the following formulas: 

f - 2 - x  ----f 1 (70)1 
12 ” ’ 2-10 

and in similar fashion for the remaining two coordinates. 


Table 19 gives the values of the perturbed coordinates and velocities 

at intervals of 320 days. 


From the given values of the coordinates and velocities the elements of 

Pluto were computed for every moment and the perturbations of the elements 

were determined. 


From the perturbation of the elements we proceed to the perturbations of 

the coordinates by means of the formulas: 


In Table 20 the perturbations of the elements are given for the period 

from 1913 to 1955 at intervals of 320 days. 
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CHAqTER yix ., , . , . .  . .  1 

IMPROVING THE ELEMENTS OF PLUTO 


A l l  earlier derived elements of Pluto were determined in 1930-1931. In 
the best case they were computed from observations embracing the period from 
1915 to 1931. If it is taken into consideration that the earlier observations 
were not very reliable, and that the arc traversed by Pluto in mean longitude 
was no more than 22" at that momknt, then it is clear that these elements will 
in time give increasingly greater discrepancies. 

Therefore, it was decided, after determination of the perturbations of 
the first order of Pluto by the four large planets, to make a preliminary 
improvement in its elements. The nineteenth system of elements by Bbwer was 
taken as the osculating orbit, with the center of the sun as a reference point 
(the masses of the four inner planets are added to the mass of the sun.) The 
values of the elements are:* 

Osculation and epoch 1930 September 20.0, Universal Time 


M#,==275"10' 9."30 
i- 17 G33. 44 
G -109 37 5G 9G I ecliptic 
w- 1 12 43 50.56 and equinox 1950.0 
a= 39.G5G022 
e - 0.24G99758 

11 = 141208367 

21. Observations of Pluto and Compilation of Normal Positions 

At the moment that the orbit of Pluto was corrected approximately 500 

accurate observations had been collected,** comprising the period from 1914 to 

1951, and obtained in 28 oppositions. 


The observations of Pluto were stated in terms of the equator and the 

equinox, 1950.0, and corrected for parallax. The observations were not reduced 

to a single system of stellar positions. 


In compiling the normal positions of the following, ephemerides of Pluto 

were used: for the oppositions of 1930-1931, the unperturbed ephemeris of 


*In the following, the notation of the elements and coordinates of Pluto i s  
given without primes. 

*,'Forty of these observations were made at the Main Astronomical Observatory 
in Pulkovo. The results of the measurements of the photographic plates were 

kindly placed at our disposal even before they were published by the Senior 

Scientific Worker of the Main Astronomical Obs'ervatory,V. V. Lavdovskiy. 
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TABLE 2 1  

0bs.-Calc.Posi- _._I_____ 

Universal Time 

I 

i_- _ _ - _ _ _  

1
2% 

1914 Jan 23.7904 
23.7905 

$00"'00?75 
00 01.05 

+-17 37 26.7 
37 25.5 

-os22 L l . 4  
i0.08 -:0.2 

. 

3 
4 
5 
6
7 

1915 

1919 

Nov. 12.3260 
Mar 19.2639
Apr 7.1674 
Dec , , 

29.4285 

I O  0'7.73 
02 39.69 
03 04.23 
30 19.31 
30 18.46 
30 12.89 

17 51 55.9 
18 04 37.1 
18 07 49.7 
19 20 55.2 

20 57.3 
21 03.3 

-0.21 -rO.S 
- -0. 15 -2.2 
- 0. os - 4.4  
- ;0 .04  -1.3 
-0.29 0.0 
-10.05 - 0. 1 

30.3660 
29.0896 

30 07.91 
F 32 33.09 

21 10.2 
19 42 1Y.4 

-0.07 -2.0 
--0:39 ' --1. 4 

23.2823 7 01 0s.w 20 54 20. 1 -0.0s - L 3 .  1 
23.3441 01 os. -I.3 2044 20.3 - 0. 17 - r2 .6  

0 I ,I  

6.2500 05 14.59 21 11 11.7 --0.31 --0. 9 
14 27.8942 03 22. 16 15 39.7 -: 0.02 t 3 . 2  
15 1930 A'Jg 21.39954 28 23. 14 52 2s. 7 -0.06 -0 .1  

~. 22.39863 25 2S.66 52 21.4 - 0.07 -r-O. 6
16 

17 30.1OS8 29 09.36 51 24.9 +0 .0s  -,1.3 

18 SeP 1A0697 29 20. 56 51 08.4 0.00 --0.2 

19 5.1076 29 37.76 50 44. 8 0. 23 .t 0. 1 

20 22.36857 30 44.35 49 26.1 -~0.07 --1. 1 

21 23.43542 30 47.51 49 23.3 -0.14 ' - 0.9 

22 25.1267 30 52.7'2 49 19.6 -kO. 1s -0.3 

23 26.06576 30 55.21 49 17.2 i O . 0 5  -0.6 

24 27.1381 30 57.97 49 15.2 -0.07 -0.6 

25 28.12 15 31 00.52 49 13.1 -0.06 --0.9 

26 28.40141 31 01.23 49 13.6 ---0.06 -;0.1 

27 I O c t  1.4906 31 OS.% 49 09.1 - i o .  01 -0.5 


2.1528 31 09.91 49 09. G -0.04 -to. 5E i 2.4984 31 10.69 49 08.1 --0.02 -0.7 
30 4.173 31 14.00 49 07.4 -0. os --0.5 
31 7.180 31 19.33 49 06. 1 - - 0.03 -I. 7 
32 1 23.OSG L 31 32.07 49 41.4 - '  0.02 - -0.5 
33 21.1348 31 35.51 19 38. 3 i 0.01 - -0.I 
34- 25.42265 31 31.16 51 42.7 - 0. 49 - 4 . 2  

16 -1.735 Nov 1.1264 31 31.01 50 18.1 -1-0. 
36 23.27083 30 40.81 53 33.9 0.01 - 2.1 
37 24.1141 30 3q.22 53 43.7 .; 0. 07 - 1 . 4  
38 29.96G4 30 17.99 21 54 51.0 - . 0 .09  - - 1 . 0  

1.46936 27 45.61 22 02 23.3 -;0. 17 , - -1.2 

z I lg3' Jan 27.25323 25 2fj. 5 1 1 08 52.0 +0.39 j 
I 

. 0.2 

Toulouse

Yerkes 


I 1 1  ~ 

Bergdorf

Paris 

Yerkes 

Mt . Wilson 

Paris 

Mt . Wilson 

Algiers 


1 1  

Bergdorf 
Berlin-Babels . 
Yerkes
Berlin-Babels 

Yerkes 


Place of Sources
Observation i 

Heidelkerg 


Harvard 1,. 0. B . ,  15, 437. 
Flagstaff

I I  

Mt . Wilson 
I ?  I L.0. B., '15, -127. 
I 1  

Yerkes'l 1 
A .  N . ,  239, 5719.

Mt . Wi;l,son 1 A .  N . ,  243, 5809. 
Yerkes ] A .  A'., -339, 5i19.Ukkel 
Yerkes } A .  J . ,  41 ,  961. 

4~;k;berg ' B .  Z., 35, 1930. 
A. J . ,  41, 961. 

Heidelberg B .  Z., 36, 1930. 
Yerkes I \ A .  J . ,  41, 961. 

1 1  
I 1  ' ,U.A .  I . ,  300. 

.Helwan ' I - .  0. H.. 15, 437. 

\ 
I 

; ' Ij ) 
II 

A .  A'..  2h2. 5SO-r... I . 

J .  O., 14, 1 .  
A .  J . ,  41, 961. 
1.. 0. 8.. 15, 437. 
J .  o., 14, 1.' 
1.. 0.  n. ,  15, 437. 
J .  O.,  1 4 ,  5. 
/ l .  A'., 242, 5504. 
, I .  ,Y,, -3.13, 5S2.1. 
A .  J . ,  41, 961. 
..I. A'., 243, 5S!4. 
,l. J . ,  4 1 ,  961. 

J .  o., 14, 5. 

A .  J., 42, 9 j i .  

. .  .
03 
u3 
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TABLE 21 (continued) 


Posi- Obs., :ale. 

tion Universal Time 


A3 A6 
No.-1

~-
I 

41 1931 Feb 8.9103 7h24m2-l!13 -1-22"11'45."2 .-I 6.45 1."7 
42 9.9329 24 19.48 12 00.2 +O. 52 0.0 
43 10.17429 24 18.15 12 00.5 -1 0.30 --2.8 
44 15.1151 23 56.57 13 02.3 -1-0. 43 -3. 1 
45 
46 

18.8775
21IO902 

13 49.1 
14 13.3 

+O. 61 --I .  2 
- 1  0.44 -2.3 

47 
48 Mar 

22.81 19 
6.8128 22 47.58 

14 33.1 
16 32.0 

$0.38 --!. 7 
$0.44 -2.2 

12.0462 22 35.48 17 15.5 -10.45 -2.2 
13.7675 17 27.7 $0.30 -3.3 

51 13.8851 17 28.9 $-0.32 -2. 9 
52 14.0433 17 31.0 -to. 49 -2. 0 
53 15.8504 22 27.98 17 42.6 3-0.42 --3.5 
54 15.8872 22 27.74 17 43.8 +O. 24 -2.6 
55 15.9896 22 27.73 17 43.5 $0.41 
56 16.8781 22 2G.36 17 48.9 +O. 56 
57 
58 
59 

16.9738 
17.7593 
17.8079 

22 26.03 
22 24.80 
22 24.75 

17 50.4 
17 56.3 
17 57.6 

+0.39 -3.4
+0.43 -2.8 
+o. -16 -1. 'J 

60 17.9619 22 24.48 
61 18.8156 22 23.19 
62 
63 
64 

18.8205 
18.9651 
19.8006 

22 23.44 
22 23.02 
22 21.86 

_---. . 
18 04.3 
18 08.9 

I -. -. . 
+0.49 -2.8 
-f-0.50 1 -3.4 

65 20.7705 22 20.47 18 15.6 +0.38 ---2.7 
66 
67 

20.8096 
20.8195 

22 20.52 
22 20.44 

18 15.3 
18 16.4 

-to. 48 ---3.3 
+0.41 ' -2.3 

68 
69 

20.8592 
21.8130 

22 20. 52 
22 19.26 

18 14.6 
18 22.6 

$-0.54 I -4 .3  
40.44 --1.9'70 

71 
21.9014 
22.7658 

22 19.14 
22 18.07 

18 21.8 
18 26.5 

i 0 . 4 3  -312 
4 0.32 I -23.5 

72 23.7583 22 17.15 18 32.8 -10.40 - -2 .8  
73 23.9100 22 17.04 18 32.8 $0.44 -3.6 
74 APr 7.8577 22 14.65 19 31.5 +0.45 -2. 1 
75 8.8330 22 15.27 19.33.4 +O. 41 -2.3 
76 8.8719 22 15.46 19 32.7 $0.57 -3. I 
77* 12.12028 22 18.37 19 47.0 -to. 55 - t 5 . 6  
78* 13.11123 22 19.46 19 48.9 -10.53 +6 .3  
79 15.9214 22 23.13 19' 43.4 -to. 45 --1.7 
80 19.8635 22 29.67 19 43.6 -10. 40 --2.2 
81 19.8962 22 29.76 19 45.0 -10.43 - 0.8 

*Reports of the Main Astronomical Observatory 


Place of 

Observation 


HeidelbErg f 
IYerkes 


Cordova 


S .  

.s .  

BerlinZBabel.s .
Heidelberg 

11  I JPulkovo I 
Bergdorf , 

D e L L L l l - Q a L l e l S .  
1 1  i J

} 

Pulkovo 

Berl'n Babels. ,

Ber aoif 

Berfin-Babels. !

Bergdorf I 
Berlin-Babels. ' 
Cimiez I I  

1 A .  N . ,  243, 582-1. 

A .  N . ,  242, 579(i. 
A .  J . ,  41, 961. 
L .  	0.  B . ,  lG, 33. 
A .  N . ,  242, 5i96. 
1.. 0. B., 16, 33. 
A .  N . .  242. 5804.
h .  N . ;  243; 5824. 
I.. 0. B., 16, 33. 
A .  N . ,  243, 5824. 
A .  N . ,  242, 5796. 
L .  0. B., 16, 33. 
A .  N . ,  243, 5824. 
A .  N . .  242, 5796. 

Izv. GAO, 19, 3, 150." 
A .  N . ,  242, 5b04. 

A .  N . ,  243, 5824. 


Izv. GAO, 19, 3 ,  150. 

A .  N., 243, 5824. 

A .  N . ,  242, 5804. 

A .  N., 243, 5s'Z-I. 

A .  N . ,  242, 5804. 

A .  N . ,  243, 5824. 

A .  N . ,  242, 5798. 

I t  

Heidelbgrg A .  N . ,  242, 5796. 
Yerkes l l  1 A .  J . ,  42, 974. 

Berlin-Babels. 

I 1  A .  J . ,  41, 961. 
11  
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TABLE 21 (continued) 


Posi

tion 

No.
-- - I I I I I 

\ 

.s
82 1931 May 4.10042 7

h
23

m
06.52 $22 

0 

19 
, 

21.1 ' +Of49 ' 
I 

-1.5 
" IYerkes1 1  

83 13.11428 23 39.57 18 46.0 $0.50 -2.1 ! A .  J . ,  42, 974. 
84 18.12405 24 00.91 18 20.2 +0.45 -2.7 I 11 


85 SeP 24.41680 ' 36 22.98 22 00 07.6 , -0.01 $0.7 
, 

I I  


86 Oct 9.38050 36 58.01 21 59 52.6 ~ - tO.OG , -0.1 1 I I  A .  J . ,  42,982. 

a7 19.5189 I 37 08.52 22 00 13.6 -0.06 -0.3 'Mt. Hamilton U .  A .  I., 348. 


88 Nov 6.41707 I 
I 37 00.79 1 01 52.1 ~ $0.01 

I 
-1.0 


89 Dec 5.20729 i 35 41.51 ~ 07 03.7 -0.06 I -0.2 A .  J . ,  42, 952. 

90 	 6.4438 , 35 36.58 07 20.4 -0.01 -0.4 Mt. Hamilton U .  A .  I., 348. 

8.18833 35 29.40 07 43.8 $0.03 -1.0 i Yerkes91 
30.9400 I 33 39.29 1 13.29.3 -0.01 ~ +o. 1 ,Bucharest 

A .  J . ,  42, 982. 

92 

93 1932 Jan 5.9555 33 06.87 ' 15 05.8 - -0 .01 !  0.0 1 1  J .  O., 15, 9. 

94 7.9502 32 56.02 15 37.9 -0.01 to.1 11 


95 9.4473 32 47.76 I 16 02.1 -0.OG +O. 1 Mt. Hamilton L .  0. B., 16, 33. 

96 	 15.9151 32 12.30 17 45.8 -0.03 +O. 3 Bucharest J .  O., 15, 9. 

28.17280 31 06. 2-4 20 56.9 -0.07 + l .  0 Yerkes I 1  

5.14558 30 25.65 22 51.5 -0.03 - I .  2 A .  J., 42, 982. 
12.3097 29 51.69 24 30 4 -0.3 Mt. Hamilton L .  0. B., 16, 33. 
13.0160 29 48.50, 24 39:5 j 1::::; - 0. 5 Bergdorf A .  N.,251, 6014.15.9092 29 35.72 25 17.3 -0.11 +O. 2 11 

. .. 0.0 Pulkovz26.8128 28 53.10 1 27 24.0 ! -0.11 
103 Mar 5.7952 28 27.95 28 42.9 -0.12 $0. i 
104 7.81262 28 22.52 29 00.5 -0.08 0.0 1 

1 1  Izv. GAO, 19, 3, 150.
105 12.81249 28 IO. 65 29 40.5 -0.11 -0. 5 1 1  

106 28.79359 27 49.53 i 31 13.6 -0. 15 -0.1 11 

107* SeP 28.4403ti 42 14.89 I O  05.4 -0.03 $0.7 Yerkes A .  J.,44, 1017.108* Nov 2.47362 42 45.25 11 43.8 -0.18 $0.3 
109 Dec 21.24767 40 11.00 21 56.0 -0.13 -0.4 Washington A .  J . ,  48, 1115. 
110 21.9588 40 1U.55 22 06.3 

, 
-0.05 

, 
1.7 , Bergdogf ! 

1 
A .  N., 251, 6014.
111 26.88 14 39 45.43 23 29.0 -0. IO --0.4 1 1  


112 1933 Jan 24.971 829 37 07.47 31 37.4 -0.03 +1.3 Ukkel 

113 25.949015 37 02.27 31 52.6 0.00 - t0 .8  I t  

U .  A .  I., 422. 

114" 26.9340 36 57. I 4  32 07.8 - 1  0. I 1  - : -O.  4 Bergdorf A .  N., 251, 6014.1l5* 27.0885 36 33.37 32 10.3 -1-0.17 -,-0:1 1 1  

I16 27.9354 18 3G 51.69 312 23.4 -0.01 
- 1  0.7 I Ukkel I I  U. A .  I., 422.117 Feb 2.99080 36 20.21 33 57.2 -- 0.08 -1-O. 

118 15.8443 35 19.35 36 55.8 -0.02 -1.0 Stara Rala 8. Z . ,  13, 1933.I19 16.8623 35 14. 97 37 08.6 -1-0.03 1.4 
120 18.I7569 35 09.31 37 27.9 --0.05 -k1.1 Yerkes A .  J . ,  44, 1017. 
121 21.80785 34 51. 4.1 38 11.1 -0.11 -1 O. Pulkovo Izv. GAO, 19, 3, 150. 



- -  
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-- 

-- 

-- 
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h, in , s I 

Mt. Hamilton I-. 0.  B. ,  16, 452.22.1954 7 3-1 .53.01 

23.1442 1 3-1 49. 3 1 Yerkes A .  J . ,  44, 1017. 


1.07SG2 34 27.55 39 31.2 , 0. 19 - 0.7 Wa in ton A .  J . ,  48. 1115. 

2.77639 3-4 22. 22 39 49.3 - 0. 1 4  , 0.2 PUSkOV8 Izv. GAO, 1 9 ,  3, 150. 


126 21 308 17 33 3S.05 42 17. 5 -; 0. 03 - 1. 1 Bergdorf A .  iV., 251, 6014.. 

127 22.2775 33 37.40 42 21.5 . . -0.0-1 , 0. s Mt. Hamilton 1.. 0. B. ,  16, 452. 

12s 24.9003 33 3-1.29 42 33.0 , 0.00 1.2 Bergdorf

129 APr 13.8GT5 , 33 34.19 43 22.6 . ~ O . 0 2  0. 0 11  


130 , 14.8627 33 35.26 43 22.5 ---0.01 0.0 I t  A .  N . ,  251, 601.1. 

131 i 14.9063 33 35.34 43 22.2 , -;0.02 , - 0 . 3  11 


132$: Oct 17.45937 48 34. 77 19 47.5 ' - 0.04 --0. Yerkes
3 
133" I 18.11543 4s 35:56 19 50.6 - 0.06 -0.5 11  A .  J . ,  44, ,1017. 
134 1934 Feb 10.20006 41 38.02 46 2S.3 -0.16 .L 0,j 11  

135 12.2635 ~ 41 28.30 46 58.0 -0.OI. .t 0.4 Mt. Hamilton 
L .  0. B . ,  17, 6.136 12.2767 41 28.22 46 58.2 -- 0.05 .to. 4 11  

137 13.16065 41 2-1.07 47 10.9 -- 0. 09 i -0 .6  A .  J . ,  44, 1017. 
138 13.93072 41 20.55 47 21. I -0.03 0.0 E .  A .  B . ,  1 ,  13, 295. 
139" Mar 10.I2407 39 50.60 5200.0 -:0. 11 -i3.5 A .  J . ,  44, 1017.
140': 10.86349 39 4s. 36 52 OS.7 --0. 15 - r  6.0 Ukkel B .  A .  B . ,  I ,  13, 295. 
141* 11.10701 39 48.02 52 07.4 - }  0. 15 2. (i Yerkes A .  J . ,  44, 1017. 
142 1I .82125 39 45.95 52 10.7 - 0. os 0.0 Pulkovo 1 1
143 13.77008 39 41. 12 52 26. 1 --0.13 - 0. 1 Izv. GAO, 19 ,  3, 150. 
144 APr 3.80623 39 14. 02 22 54 11.2 - 0. 13 0. 1 I I  

145 1935 Feb 25.19931 46 29. 17 23 00 02.6 -0.04 -I 0.8 Mt. HamAlton 1.. 0. B. ,  17, 125.146 25.23194 4G 29.04 00 02.9 - 0.05 - :  0.8 
147 Mar 46 01. IS 01 27.7 0.04 0.0 Pulkovoll 
118 45 48.53 02 06.8 0. 05 : 0 . 3  Izv. GAO, 19, 3, 150. 

11149 45 11.78 04 04. 9 0. OG 0.4 
150 45 10. 20 04 11. 0 . - 0. 06 , 0. 8 
151 45 08.03 0-1 1s. 1 - 0.u3 0.3 
1 5 2  APr 45 03. 65 23 04 -41.3 0. os -1.0.s 
153* Dec 5 i  55. 5.5 22 51 01.3 - 0.09 2.5 
151" 1936 Jan 55 47.30 58 52.8 - 1  0.01; 2. 9 A .  N . ,  ,260, .623ti. 
155" 55 3G. 49 22 59 3'1.3 - -0. -1.5 -2 .0  I I  

156''. Feb 53 36.3' 23 06 OS. S 0.00 1. G Bergdorf A .  IV.,262, 6267. 
157"158'8 53 15. 16 07 17.4 ' 0.07 -,-o.3 Yerkes 11  A .  J . ,  45, -1046.52 5'2.69 OS 30.2 0.00 -1-1.9 
159''' Mar 7 51 16.39 23 13 22.0 - 0.27 0. 1 Bergdorf A .  A'., 2C2, 6 2 6 . 

160? Nov 11.35331 , 8 06 21. S2 22 47 21.7 - 0.02 t0 .6  Yerkes
161 1937 Jan 13.24518 I 02 15.83 

162 Feb 5.10691 1 00 09.57 1 

23 06 OG. 9 ' 0. 00 
-
10.3 11  A .  J . ,  16, 10Gd. 


13 29.4 - :  0. 11 0.2 
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TABLE 21 (continued) 


m-.s  ' 0 , " " 8 

163 ; 1937 Mar 7
h 
57 cm.60 t23 20 37.0 7os06 ---0.9 Yerkes A .  J . ,  46, 1068. 

164 APr 56 56.00 23 30.4 T O .  06 +1.9 Toulouse I 
165 57 07.81 I 23 01.6 t o .  02 T O .  4 ! I  

166 57 07.87 23 01.7 +o. 01 7 0 . 6  , 11  

167 57 09.45 22 56.1 70. 06 I-1.1 11  
J .  o., 21, 2. 

168 57 11.02 22 53.4 70 .04  -70.8 , I I  

169 7 57 20.73 22 27.6 $0. 07 i l .  3 
170" 1938 Jan 6 07 06.46 16 40.3 -0.21 --0.5 Bergdorf 

, I  
A .  N . ,  265, G-i?S. 

171 Feb 06 41.73 20 16.4 -0.05 0.0 Wurzburg A .  N., 270, 53. 
172* , 06 16.76 21 31.7 -0.26 -0 .9  Bergdorf } A .  N . ,  268, 6428.173* 05 09.01 25 28.9 -0.07 --1.4 
174* 05 04.98 25 42.3 -rO.16 - 1.9 Wursburg A .  N . ,  270, 53. 
175* 05 04.31 25 44.2 -0. 06 -

-0. 
1 . 4  

s Bergdorf A .  N . ,  268, 642s. 
176 05 00.17 25 59.9 -0.03 Izv, GAO, 19, 3, 150. 
177 04 51.12 26 26.2 4-0.02 --0.3 Pulkovo A .  N . .  268. 6-128. 
178 04 50.90 26 29.6 -0.06 -7.0.9 Bergdorf A .  N . ;  268, 63SO. 
179 04 46.72 26 41.6 -0.03 -0.7 Vienna A .  N . ,  268, 6428. 
180 04 42.77 26 55.5 -0.05 7-0.6 Bergdorf Izv. GAO, 19, 3, 150. 
181 04 12.39 26 57.0 -0.06 t o .  9 gylkovo 
182 04 34.23 27 22.7 -0.05 7 0 .  7 ienna 

11 I
] 

A .  N . ,  266, 63SO. 
11183 Mar 04 10.66 26 35.2 -0. Or, -,- 0. 6 

184 04 10.9s 26 35.0 $0.09 -70.3 11  A .  N . ,  271, 26.
185 03 31.37 30 32.7 $0.01 -rO. 1 

186 03 20.50 31 03.8 0.00 T O .  5 Pulkovo Izv. GAO, 19, 3, 150. 

187 03 06.91 , 31 26.0 -0.05 $0.4 Vienna A .  N . ,  2ti6, 6380. 

188* 03 06.91 31 21.9 -0.23 t l .  6 A .  N . ,  271, 28. 

189 14 14.31 22 40.5 -0.05 -1.3 Pulkovo 

I t  ] Izv. GAO, 13, 3, 150.
190 14 03.10 23 24.0 -0.09 + I .  4 

191* iz 24.50 I .  29 29.6 +O. 27 +1.9 Vienna 

11  } A .  N . ,  271, 25.
192* 12 24.06 29 31.7 -/ 0.03 -73.4 

193 11 09.46 33 43.4 -0.05 i 1.0 Pulkovo Izv. GAO, 19, 3, 150. 
194. Mar 09 59.66 37 20.9 $0.01 -i-o. 2 WashingtonI 1  

195 09 59.43 37 21.6 -- 0.02 - i o .  3 
196 09 59.40 37 21.6 0.03 -kO. 2 11  

I 97 09 59.39 37 22.1 --0.02 +o. 7 I t  

'I

I A .  J . ,  50, 1141. 
198 09 56.41 37 31.4 -0.0-1 - t1 .3  11 

199 09 56.36 37 31.1 -0.05 -:1.0 I 1  I
200 15.1697 09 56.30 ' 37 31.2 0. OG - 1  0.9 11 ' J  
201" 16.7962 09 51.79 ' 37 45.6 -10. 13 -r1.7 Vienna A .  N . ,  271, 25. 
202 Nov 11.42406 25 02.61 ' 

0-1-17. 6 +O. 06 + I .  1 Yerkes I I  A .  J . ,  50, 1146.
203 13.40865 25 01.12 05 12.5 +O. 06 - r O .  6 
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TABLE 21 (continued) 


I 0bs.-Calc. Place of 
<-

Universal Time 8,gjU.o I, Aa 1 Ai 1 Observation 
I ___  

Sources 
No. ~ _ _ _  1 - I __ 

I I 
-

I 1 
5 , " ' I, , 

245* 1943 Feb 7.07477 i 8h38m51s04 1 -;23 47 50.7 1 -;-Os12 j T- 4.1 ' Yerkez 
246:K 8.09282 I 38 45.27 48 13.1 1 +0.06 , :- 3.2 I I247* Mar 5.12412 36 38.26 56 07.0 +O. 14 -,.. 1.5 

I I  A .  J . ,  50, 1148.
248* ' %Y 22.1 1021 , 35 56.64 54 11.8 +0.27 T 0.9 , 
I t 
249* 25.12507 36 07.91 53 21. 7 1 -1-0.28 j 3.6 
I t  i
250" , 28.12083 , 36 19.93 52 33.8 I -t0.2G c 4.7 


251 I 194.1 Jan 18.06583 47 36.13 41 07.2 +O. IO -t- 2.6 I I  


1 1252 21,10469 : 47 19.25 4229.9 i-0.22 , i - 1.9 I I
253 

, 

22.04936 
1 

47 13.98 42 55.7 -to.27 -;-2.0 
1 1  

I

i A .  J . ,  51, 1133. 
254 24.08035 47 02.37 43 51. 1 i 0. 19 1- 2.3 
255* ' Feb 4.42459 45 57.41 48 41.5 +O. I4 2.3 11 

i
I256 17.08058 44 47.01 23 53 39.5 , +0.21 1.8 

257 ~ APr 12.8784 41 37.64 24 0309.1 -to. 13 1 i 1.9 Vienna A .  N . ,  275, 167. 
1945 Feb 1.(I6902 ' 53 08.38 23 48 37.4 -1-0.20 1 3.2 Yerkes 

I !259" Mar 10.11931 49 55. 18 24 01 31.4 $0.15 + 0.2
260" 11.315.l5 8 49 51.22 24 01 45.6 -{-I. 18 - 2. I 1  I 1  1. A .  J . ,  54, 1176. 

261" Oct 16.3G317 9 04 02.04 23 IO 38.0 -t0.24 t 2.2 11 


262* Nov 15.47315 04 58.37 14 36.5 +5.20 -L 1.3 ' 
Kazan 

1 1  


263* Dec 12.0236 

264* 1946 Jan 24.8736 I I  ] Astr. Ts., 49.** 

265* 29.09564 Yerkes A .  J . ,  54, 1176. 

266* Feb 11.93794 Padua 

Contr. Astrofisico I!niv. P;idi~va 
267" 13.93890 
Yerke; 

11 I in Asiago, 12.
2&3* 22.88405

2692: 28.23301
270:s 1 Mar 3.05887 ] A .  J . ,  51, 117li. 

2712: I 

I 19.90629 Padua Contr. Astrofisico [!tiis. P;idova 

27y: I 

Yerkes 
in Asiago. 12. 


20.IO 1.40 A .  J . ,  54, 1176. 
273" i 21.829G2 Padua Contr. Astrofisico 1:niv.  Piido

vn i n  Asiago, 12. 
274* 22.7163 5G 14.71 ' 0621.8 -18.55 , +117.4 Kazanl 1 Astr. Ts., 49.275* 23.8708 56 10.60 1 06 34.2 4-8.21 - ; - I  19.9p7(j': 30.8052 55 51. 16 ' 07 22.7 -18.71 ' 4-l'L'2.7 1 1  

277": APr 3.92500 55 33.25 0520.4 -10.38 1 - 15.4 Padua Conlr. Astrofisico t r i i i v .  P;idova 
in Asiago, 12. 

278" 
Dec 

5.8236 Kazan Astr. Ts., 49.
279 4.42795 
280 22.48830 

Yerkes } A .  J . ,  54, lli6. 
I 1  

** - Astronomical Circular 

I 



TABLE 21 (continued)
-
Posi

tion Sources 

No. 


.

349 1950 Mar 14.81731 9"25"12.,31; 
i 

1-2iri3'03."6 I .i 0131 1 - 1  2:l 1 Kazan 

350 21.79743 24 54.42 54 44.2 +0.24 4-2.6 1 1  Astr. Ts., 112. 

351* APr 15.79971 23 42.44 ! 56 53.0 -1-0. 13 j -0.3 

352 17.85175 23 39.53 56 50.0 +O. 27 +3.3 

1 
Vienna

I 1  1 ) Mittei lungen der  Wiener---Stcrn.353 20.88561 23 35..77 56 37.0 +O. 16 4-2.0 11  : I  warte, 5 ,  1952.
354 21.85606 23 34.85 56 32.2 1-0.20 +2.7

3555: 24.76318 23 33.29 56 20.7 1-0.87 , 4-8. 1 Kazan Astr. Ts., 112. 

356 May 11.84699 23 39.00 52 57.2 -t0.27 -12.2 Viennal 

357 14.89896 23 43.58 52 66. 4 i o . 2 4  +2.0 

358 23 51.15 50 53.2 +0.25 4-1.3 11  


359 23 55.63 23 50 14.0 $0. I F  -1-2. 1 11  1 Mit te i lungen der Wiener--Stern

360 Oct 39 18.89 22 47 34.3 +0.31 -1-2. 1 warte, 5,  1952. 

361 22.14097 39 26.68 ~ 47 33.2 $0.27 $2.4 11  


362 Nov 40 28.95 50 36. 2 +0.32 4-1.7 1 1  


11 

363 40 31.56 22 51 23.2 $0.25 +2.0 : 11  


40 15.54 23 00 22.0 -to. 47 ' $0.9364* Dec 
17.01451 40 06.42 02 23.9 -1-0.37 -17.6 

Kazan I I  I} Astr. Ts., 112.365" 
366 1951 Mar 33 37.13 4 1  13.0 2s -}-1.9 Pulkovo , } Izv. GAO, 19, 3, 150.367 33 31.76 44 36.0 -to. 27 I +2.4 I 1  

11368 31 57.52 50 10.7 - 1-0.-10 +2. 7 Algiers \ I/. A .  I . ,  1316.369 31 53.81 50 20.5 +o. 39 +2.6 ' I 

31 39.G3 50 53.5 -to.33 -1-1.9 Vienna 
1 1  } Mittei lungen der  Wiener - - Stcrn370 31 46.44 50 37.8 $-0.25 + l .  9 


371 , APr warte ,  5, 1952. 

372 31 33.68 51 05.9 -1-0.33 +2.4  Izv. GAO, 19, 3, 150. 

373 4.95694 31 30.56 ! 51 11.6 4 0.36 1 -2 .2  Pulkovo Mit te i lunren  der  Wiener Stcrn- 
Vienna warte, 3, 1952. 
374 7.80367 31 22.47 51 23.8 -to. 27 $2.3 Pulkovo Izv. GAO, 19, 3, 150. 
375 7.81792 31 22.38 ~ 51 23.S $0.30 +2.1 
376 9.84222 31 17.28 51 29.3 4-0.31 -1.2.2 Viennall i 

377 31 10.12 , 51 33.6 -bo. 31 +2.5 
378 30 51.67 ! 50 47.1 +o. 34 4-2.6 

11  i Flitteilungen der Wiener- Stern
379 30 50.95 50 39.7 +O. 27 +2.8 1 1  warte, 5, 1952. 
380 May 7.92632 30 51.36 ' 48 38.6 -bo. 26 $1.9 1 1  

381 8.95022 30 52.14 4s 25.0 -}-0.31 -13.0 I t  
I 1  
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TABLE 21 (continued) 


! I 
0 , I t  

281 19-17 Jan 17.05504 9''08m4 - f  50 ; 23 39 12.9 Ukkel AI.  P .  c., 13. 
282 1 17.23093 , 08 43.32 j 39 17.1 - 7  0. 19 10.8 Yerkes ) A .  J., 54, 11 i6 . 

283 I 22.29199 OS 13.67 41 53.1 i-0. IS -.0. 7 

284 , 24.04557 08 05.79 42 46. 5 t o .  11 - r ~ o .  Ukkel DI. P .  C., 13.
5 
285 ; Feb 20.12973 05 31.61 55 14.2 i-0.33 +2. 8 Yerkes A .  J . ,  54. 1176. 
286 21.88723 05 21.95 55 53.2 +o. 2s. -71.0 Algiers ] J .  O.,  31, 5.
287 22.92985 05 16.31 56 16.9 +O. 30 , - r - l .  1 ll 

288* 23.14786 05 15.28 56 25.5 -i-O.41 7 4 . 8  Yerkes A .  I.,54, 1176. 
289 27.86904 04 50.35 23 58 02.9 + 0.33 

- ,  

1.0 Algier: 
I J. 0..  31, 5290 Mar 11.82414 03 53.05 24 01 35.3 -tO.34 0.4 

291 
1948 Jan 

12.82436 03 48.69 2401 50. I iO.34 TO.4 
Yerkes 

ll 

A .  J., 51, 11%.292 7.29225 16 47.17 23 30 57.1 +-0.27 -i-3.0 
A .  J., 54,' 1175.88293 13.97816 16 14. 12 34 33.3 +0.26 7 1.3 Kaz an Astr. Ts., 


294 I 14.20501 16 12.95 34 40.3 +o. 27 -:-3.9 Yerkes 

295 17.95718 15 53. 11 36 41.3 t o .  22 - 1  4.2 Kazan ,, ). Astr. Ts., 88.

296 19.93608 15 42.61 37 44.3 -0.42 +3.7 

297 31.9525 I 14 31. 88 43 59. H +O. 30 -:-3. 0 A1giers J. o., 31, 5. 

298 Feb 6.22523 11 04. 10 46 36.5 -70.29 7 2.7 Yerkes A .  .I.,54, 1176. 

299* 6.89763 1 4  00.28 46 55.3 +0.06 ~ 1.9 San Fepando } 11. A .  I . ,  1149.
300"' 6.93156 14 00.00 46 56.2 -0.03 -r I .  8 

301 8.89556 1.3 49.04 47 53.5 - t o .  40 -:-2.5 Kaz an Astr. Ts., 88 

302 , 9.9441 13 42.83 48 23.3 i 0 . 2 5  -; 2.5 Algiers J.  O.,  31, 5. 

303 j 13.94090 13 19.97 50 12.8 -1-0.35 7 I .  8 Kazan Astr. T s . ,  88. 

'304 1 18.06333 12 56.44 52 01.3 -to. 2s -1-2.  0 Ukkel M .  I ) .  C., 111. 

'305 1 Mar 4.8888 11 32.36 57 56.6 +0.47 -12.9 Algiers J. O., 31, 5. 

306" I 8.80481 11 13.63 59 07.0 -to. 60 7 2.6 

307 8.8304 I 11 13.35 59 06.4 +0.41 - 1  1.6 Kazan,, ] Astr. Ts., 88. 

308 9.0162 11 12.41 59 11.4 +0.41 - i3 .4  Toulouze ] J .  O.,  31, 12.

309* 9.9645 11 08.24 23 59 25: 0 +0.60 ~ l . 1  

Algiers J .  O., 31, 5.
310 17.9273 10 33.45 24 01 20.9 +o. 19 i 1.1 

31 1 26.74033 10 01.55 02 52.4 $0.25 -t2.8 Kaz an 

312 , 30.83892 09 49.11 03 19.7 4-0.27 ~ 2 . 2  1 1  I Astr. Ts., 88. 

313 APr 2.78752 09 41.29 03 34.1 $0.34 ; +2.2 I t  


314 6.75883 09 31.92 03 46, 4 - to .26 -r2. 7 I ,  


315 I 6.87716 09 31.59 03 46.4 i-0.18 I 1 2 . 5  San Fernando u. A .  I . ,  1149. 


I 
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TABLE 21 (continued) 

-

Posi- Obs.- alc.-.- Place of 
tion Universal Time a1950.0 h50 .0  Aa A 6  Observation Sources 
No.- ___- ___ 

316 1948 APr 6.91 105 ghmm31 50 +2<03'46:9 +Os I7 +3:'0 San Fernando U. A .  I., 1149.

317* 7.86889 09 29.44 24 03 47.8 +o. 09 +2.3 I I  

Astr. Ts., 101-102.
318 1949 Jan 29.9394 22 00.14 23 39 23.9 +O. 31 +1.5 Kazan 

319* Feb 1.91419 21 42.75 40 58.6 +o. 02 +2.3 San Fernando U. A .  I., 1212. 

320 3.88235 21 31.77 42 00.2 +o. 43 +2.8 Kazan Astr. T s . ,  101-102. 

321 17.89488 20 11.07 48 44.1 -to. 53 $2.8 Ukkel B .  A .  B., 4, 4.

322 18.8682 20 05.26 49 09.4 $0.24 +2.2 Pulkov; m.GAO, 19, 3 ,  150.
323 26.8793 19 21.02 52 26.3 +o. 19 +2.0 

324 Mar 1.97161 19 04.79 53 34.5 -to. 34 + I .  5 Algiers u. A .  I., 1210, 1499. 

325 4.85656 18 49.97 54 34.2 +O. 36 +l.  0 Kazan Astr. Ts.. 101-102, 

326 5.9187 18 44.53 54 56.3 -LO. 28 +2.0 

327* 6.89466 18 44.13 55 i6.o i 4 . 7 4  +2.7 Pulkovo Izv. GAO, 19, 3, 150. 


328* 22.86014 17 29.32 59 19.3 $0.06 $4.8 Kazan 1 1  Astr. Ts., 101-102. 

329 24.956 17 21.92 59 41.8 $0.37 +5.7 Posen 1 1  U.A .  I . ,  1210. 

331 27.83672 +4.7 Kazan Astr. 1210.101-102.
330 25.924 17 18.35 , +3.7 

U. A .  I . ,Ts., 

332 30.907 $2.0 Posen 

333 APr 3.83859 00 49.3 t0.29 +4. 4 Kazan Astr. Ts., 101-102. 

334 21.go625 00 32.1 tO.36  +2. 4 Vienna Mittei lungen der  U'ieiicr- Stern 


warte ,  5 ,  1932. 
335 23.83176 16 19.48 240021.1 -to. 36 +3.5 Kazan Astr. T s . ,  101302. 
336 3.86422 16 20.35 23 58 44.9 +O. 31 +I. 8 Vienna Mitteilungen der  U'iener---Stern
337 16.85866 16 38.47 55 29.7 +O. 30 +1.9 11  wartc ,  5 ,  1932. 
338 Dec 32 39.20 1. 10 ~ 20.0 +O. 36 +4.0 Kazan 

11  Astr. Ts., 101-102... 

339 32 36.55 , 10 44.6 +o. 35 + I .  2 
340* 32 32.53 11 14.8 -0.67 -bo. 8 1 1  

34I 1950 Jan 30 09.06 29 32.6 +o. 2.5 t 1 . 5  Ukkel U. A .  I . ,  1259. 
342 Feb 28 21.78 39 49.8 $-0.37 +1.9 Algiers U. A .  I., 1260.343 27 46.95 ' 42 47: 3 -to. 33 +1.7 11  

344 27 29.66 41 13.0 +O. 31 4-2.8 Kazan Astr. T s . ,  112.345 27 18.06 ' 45 08.7 +o. 33 -1-3.3 1 1
346 26 56.10 46 48. 6 -1-0.16 -1 2.0 

9 Pulkovo Izv. GAO, 19, 3, 150.347 Mar 25 38.47 52.11.7 i-0.23 $-I. 
1 1348 25 24.58 I 53 03.2 - 1  0. 24 -.I- 2. 4 
11  



Bower; for the oppositions of 1931-1934, the perturbed ephemeris of Bower; for 

the oppositions from 1935 to 1951, the ephemeris in BJ. 


For the early years (from 1914 to 1927) comparison with the observations -I90 

was made by taking into consideration the perturbations obtained from the 

above explained theory of Plutonian motion. 


For the opposition of 1929-1930, we used the normal position obtained by 

Bower from 103 observations (Bower, 1931). 


Table 21 gives a resume of the observations of Pluto. 


The distribution of the columns is the following: the first column gives 

the ordinal number of the observation; the second column, universal time of 

the observation; the third and fourth columns, the geocentric coordinates of 

Pluto referred to the axes of 1950.0; the fifth and sixth columns, results of 

comparison with the above mentioned ephemerides; the seventh column, place of 

observation; and the eighth column, sources from which the observations were 

taken. 


The observations of Pluto were combined into the normal positions. Taking 

into consideration the slowness of Plutonian motion, the comparatively good 

quality of the ephemerides, and the small number of observations, one normal 

position was obtained for each opposition. The apparently regressive obser

vations (noted in Table 21 by asterisks) were not taken into consideration. 


Thus, no normal positions could be compiled for the oppositions of 1921, 

1935, 1945, and 1946. In all 24 normal positions.wereobtained. 


In compiling the normal positions, the formulas used were 


Corrections were introduced into all normal positions for that part of 
the aberration depending on eccentricity of the earth's orbit. The formulas 
used for computing the corrections were 

(Aa)==h,siii ( H o + a ) s c 6 ,  

( 1 5 )  = h ,  cos ( N o+ a )  sin 2 -;-io cos 2, 


where for ho, Ho, and i0' are taken the values 

Table 22 gives a resume of the normal positions. Distribution of the 191 
columns Zs as follows: first column contains the ordinal number of the normal 
position; the second column, universal time of the moment cf normal position; 

third and fourth columns, coordinates of Pluto; the fifth and sixth columns, 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 

-- 

c o r r e c t i o n s  f o r  t h e  cons t an t  p a r t  of t h e  a b e r r a t i o n ;  and t h e  seven th  and e i g h t h  
columns, number of obse rva t ions  used i n  .compiling t h e  g iven  normal p o s i t i o n . .  

TABLE 22 

N O .  of
Ordi
n a l  Un ive r sa l  T i m e  a1950.0 a 1950.0 (Ai) 

)bse r v a t i o n s  

No. . on s on i 
~. ... - - . . .  - _ - .- - ...

1914 J an .  23.7904 ,90-00 11.25 17'37'26:'70 -0.352 0:007 1 

I

!I 1 
Nov . 12.3260 92 31 55. 95 17 51 55.90 -0.355 0.01 1 1 

'2 
1 

1915 A p r i l  7.1674 90 46 02.94 18 07 50.81 -0.334 0.00s 2 
19i9 D e c .  29.4285 97 33 11.51 19 21 04.55 -0.362 0.01') 4 I -1 
1925 Dec. 23.2823 105 17 11.93 20 54 19.87 -0.365 0.035 2 2 
1927 J an .  (3.2500 106 18 41.32 21 11 13.73 -0.365 0.037 2 2 
1930 A p r i l  24.1151 109 17 46.59 22 07 06.39 -0.365 0.0 14 103, 1o:i 
1931 Feb. 2.0000 111 14 17.13 22 10 11.88 -0.364 0.049 67 67 
1932 Feb. 4.0000 112 37 48.97 22 22 36.28 -0.362 0.052 22 iI 22 
1933 March 15.0000 113 27 27.43 22 41 34.52 -0.362 0.05 k 21 21 
1934 March 8.0000 111 59 03.92 22 51 37. S3 -0. 360 0.058 

8 
9 I

I 
8 

1935 March 18.0000 11621 16.9s 23 0.3 20.38 -0.359 0.061 S 
1937 March 7.0000 119 29 02.13 23 20 36.55 -0.353 0. 069 9 I) 
1938 March 11.G000 120 58 21.02 23 29 28. 12 -0.351 0.072 15 13 
1939 Feb. 18.0000 122 54 16.18 23 32 11.56 -0.3 IS 0.077 10 10 

If Dec. 11.oooo 125 59 18.76 23 13 08.83 -0.338 0.062 13 13 
17 1 x 1  March 27.0300 125 32 53.92 23 51 14.54 -0.340 O.OS3 4 i 4 
18 1912 March 3.0000 127 31 12.62 113 j:! 03.52 -0.335 0.088 23 I 23 
19 i9j4 Feb. 28.0000 130 57 43.72 23 57 12.87 -0.323 0.0% 7 6 
' 0  1947 J an .  22.0000 137 04 20.19 23 41 44.74 -0.302 0.107 12 12 
21 1948 Feb. 18.0000 i38 14 12.06 23 52 00.56 -9.298 0.110 21 21 
112 1949 March 12.0000 139 33 48.93 23 56 47.52 -0.293 0.112 17 17 
23 1950 Feb. 2.0000 142 16 53.74 23 35 39.99 -0.281 0.116 19 I9 
24 1951 March 22.0000 143 05 09.70 23 49 01.60 -0.278 0.118 20 I

I 

I 20 

22. Improvement of t h e  Center  of P l u t o ' s  Elements 

One C - t h e  b a s i c  s t a g e s  i n  t h e  work of  c o r r e c t i n g  elements  is  representa
t i o n  of t h e  normal p o s i t i o n s  by theory .  I n  t h e  preceding  chap te r s  t h e  p e r t u r 
b a t i o n  series of P l u t o  by J u p i t e r ,  Sa tu rn  and Uranus w e r e  used (Tables  8 ,  13, 
and 18) .  Having va lues  of t h e  average  anomalies of P l u t o ,  J u p i t e r ,  Sa turn  and 
Uranus f o r  every moment of  t h e  normal p o s i t i o n ,  w e  d e r i v e  p e r t u r b a t i o n s  of t h e  
loga r i thm of t h e  r a d i u s  v e c t o r ,  of t h e  long i tude  i n  o r b i t ,  o f  t h e  long i tude  of 
node, and of  t h e  i n c l i n a t i o n  by us ing  t h e  given series. A n a l y t i c a l  computers 
w e r e  used t o  c a l c u l a t e  t h e s e  va lues .  The p e r t u r b a t i o n s  of P l u t o  by Neptune 
w e r e  der ived  by i n t e r p o l a t i o n  from Table  20. 

Table  2 3  g ives  t h e  va lues  of t h e  p e r t u r b a t i o n s  f o r  t h e s e  moments. 

W e  o b t a i n  t h e  unperturbed coord ina te s  of P l u t o  from t h e  u s u a l  formulas of 
e l l i p t i c  motion f o r  t he  moment of t he  normal p o s i t i o n  co r rec t ed  f o r  p l ane ta ry  
a b e r r a t i o n :  
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 

-- 

TABLE 23 

Universal Time of 

Normal Position Slogr.IOs(Corrected for

I Aberration) 

191.1 January 23.5373 - 7279November 12.0732 - 4956 
1915 April 6.9094 3637
1919 December 29.1831 - 4969
iw;, December 23.0442 - 5669 
ij2j January 6.0133 - 4670 
1930April 28.8756 + 815 
I 931 February 1.7681 + 815 
i w 7  February 3.7697 - 386 
j9% March - 14.7687 - 3090 
1934 March 7,7708 - 6291 
1935 March �7.7715 - 9938 

-


..
8W 862 01 

-_. 

-+ 141.21 -159.81 1-257.82 
130.44 --124.70 227.54 
1%. 17 - 98.30 +201.78 
128.92 +I55 19 - 52.28 
51.04 - 40.97 +299.14 
32.43 - 29.99 260.47 
0.74 - 2.30 + 9.67 
0.40 - 0.05 - 4.58+ 0.27 + 2.21 + 11.46 

- 2.51 13.00 66.70 
- 9.24 31.38 133.13 
- 21.53 56.57 203.81 
- 59.21 92.20 282.81 
- 81.76 83.13 267.15 
-100.95 ? 46.20 212.86 
-113.6: - 6.20 144. 60 
--121.31 -103.15 + 32.70 
- 123.96 -155.79 - 21.85 
--loo. 21 -154.63 - 23. 19 
- 92.18 + 71.51 +141. 44 
- 93.23 159.19 197.34 
-103.73 205.85 225.35 
-1 13.44 194.95 219.45 
-125.22 105.36 173.54 

11 

15 

16 
17 

18 

19 
20 
21 
22 
23 
24 

1937 March 6.7754 - 15666 
1938March 10.7766 -16709 
1939 February 17.7796 -16902 

December 10.7796 -16155 
1041 March 26.7800 -14587 
1942 March 2.7834 -14141 
191.i February 27.78136 -1661 1 
1947 January 21.7916 -31140 
1948 February 17.7932 -37870 
1949 March 11.7939 --41158 

1.7962 -48651
lg50 February 21.7964 -52920
1951March 


To determine the perturbed values of longitude in ecliptic 2,  and of lati
tude b y  we use the familiar formulas 

tan ( ~ - a ) =cos i tan (w - a ) ,  s i n b = s i n i s i n ( w - a ) .  

From 1 ,  b y  r by the formulas 

p cos a.cos 8=r cos lcos  b + Xg , 
9 sin a cos 8=r sin L cos b cos E-rsin b sin E - k  Yn, 

p s i n E = r s i n  Lcosbs ine  - 1 - r s i n b c o s ~j - ZQ 

we proceed to a ,  6, and p .  

The coordinates of the sun Xg,yo,Za we derive from the Annua s for the 
moments of the normal positions. 

To correct the sixth ecliptical elements of Pluto, we use Eckert s modified 
version (Samoylova-Yakahontova, 1945): 
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1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

.. - - 

-- 

TABLE 24 -I 9 2  
~ . ._. 

or= 1nal - 6M0 -1 .. -1 
a 0  -1 

aw 
1 ia -1 

he ~ O - ~ ~ C O S Z A (
32 aNo, _ _  42 

-. 
19 O' 45 43 

.- -.. __ .. .~ 
80 

- - ..- - - _ _ _  ~ ~. .. --- _. -. ___  

t-0.7778802 +0.220602C +0.9882669 +0.9986951 +0.6577472 -0.7686285 -0.13546 -1.10 
0.7883255 0.2004945 0.9851538 0.9990572 0.5972166 -0.7899598 -0.12885 -0.69 
0.7808704 0.202414: 0.9536769 0.9946021 0.626995: -0.7803821 -0.07141 +0.54 
0.8099721 0.1227774 0.9638389 0.9835577 0.4295475 -0.84721 11 -0.04135 1.78 
0.8442248 0.0439585 0.9331233 0.9643116 0.191 1684 -0.9 124815 -0.07249 0.71 
0.8488281 0.0331584 0.9274471 0.9601909 0.1556791 -0.9205951 -0.08032 0.36 
0.8619557 $0.0030268 0.9085082 0.9458188 $0.0474372 -0.9421711 -0.04576 +0.67 
0.8708871 -0.0030134 0.9031067 0.9437847 -0.0040934 -0.9519438 -0.08889 -0.73 
0.8771236 -0.0099695 0.8966236 0.9396170 -0.0477315 -0.9591 041 -0.05242 -0.04 
0.8506119 -0.017 1384 0.8898413 0.9340733 -0.08 1051s -0.9635928 -0.03625 +0.11 

I1 0.8874352 -0.0220705 0.8831584 0.9299509 -0.1274666 -0.9700975 -0.07469 -1.30 
12 0.8934539 -0.0265068 0.8761871 0.9252298 -0.17 14494 -0.9754 140 -0.05576 -1.16 
13 0.9072179 -0.0312968 0.8620398 0.9162579 -0.2670644 -0.9852889 +0.02109 +0.07 
14 0.9136512 -0.032401C 0.8547098 0.9113293 -0.3 13955C -0.9889285 -0.00142 -1.05 
15 0.9220160 -0.030968s 0.8472080 0.9070000 -0.3695131 -0.9929455 +0.00315 -1.51 
16 0.9349531 -0.02431 11 0.8385358 0.9034860 -0.4478191 -0.9980486 0.07616 -0.18 
17 0.9330031 -0.0291858 0.83 19447 0.8956928 -0.4582553 -0.9956838 0.10356 +0.25 
18 0.94 13007 -0.024097s 0.8241560 0.8909693 -0.51 51438 -0.9972752 0.17927 1.78 
19 0.9552276 -0.0125679 0.8081751 0.8799558 -0.6204340 -0.9967037 0.23121 1.91 
20 0.9787081 +0.0181726 0.7827893 0.8628112 -0.7984638 -0.9893209 0.27291 0.62 
21 0.9829676 0.0 259953 0.7751584 0.8562758 -0.8409266 -0.9847834 0.29841 0.64 
22 0.9876488 0.0355168 0.7672818 0.8496435 -0.88671 94 -0.97945 10 0.3 1712 +0.39 
23 0.9972526 0.0542637 0.7580511 0.8436649 -0.9599712 -0.9727475 0.31598 -0.77 
24 0.9998457 +0.0624284 1-0.7508 122 0.8366205 -0.9957572 -0.9660289 0.32369 -1.24 

I *  0.2245824 -0.7650053 -0.0011751 0.2880086 +0.1878913 -02221402 0.06185 +1.97 
2* 0.2147655 -0.7324068 --O.0158916 0.2735823 0.1712472 -0.2142925 f0.03593 +1.31 
3* 0.2230750 -0.71273'26 -0.0071887 0.2826016 0.1698525 -0.2239002 -0.14880 -2.84 
4* 0.19E9274 -0.5041463 -0.0505549 0.2395328 0.1067347 -0.2058359 -0.03659 -0.78 
5* 0.1637350 -0.2239884 -0.0983156 0.1875877 0.0401462 -0.1769506 +0.11682 +2.19 
6* 0.1593131 -0.1765174 -0.10431 87 0.1803612 +0.0300203 -0.1727849 +0.04399 +0.30 
7* 0.1466405 -0.0180026 -0.120551 8 0.1592033 -0.0010359 -0.1599619 -0.02449 -1.79 
8* 0.1358198 +0.0196068 -0.13 15184 0.1465040 -0.0042844 -0.1 483018 -0.00522 -1.48 
9* 0.1286183 0.0683605 -0.1388562 0.1370495 -0.01 08916 -0.1404291 +0.00519 -1.37 

10* 0.1251645 0.1221784 -0.1 424200 0.131 1602 -0.0200122 -0.1 364022 0.03769 -0.71 
11* 0.1 168440 0.1698632 -0.1 501696 0.1209416 -0.0247094 -0.1271 268 0.0731 1 +0.04 
12* 0.1094757 0.2197847 -0.156687 1 0.1117237 -0.0296931 -0.1 187658 0.12119 1.12 
13* 0.0915686 0.3155642 -0.1715356 0.0909740 -0.0349006 -0.0985931 0.15455 1.74 
14* 0.0829240 0.3644489 -0.1781038 0.0811395 -0.0367941 -0.0887722 0.15252 1.58 
15* 0.0708738 0.4099763 -0.1872351 0.0685658 -0.0344853 -0.0755405 0.15866 1.67 
16* 0.0497564 0.4492379 -0.2031 140 0.0489493 -0.0192484 -0.0537448 0.11725 +0.60 
17* 0.0553429 0.5 104216 -0.1968296 0.0513709 -0.0365100 -0.0576461 0.05376 -1.30 
18* 0.0424969 0.551712 1 -0.2054038 0.0387921 -0.0308819 -0.0437895 0.02742 -2.07 
19* t0.0200776 0.6476989 -0.2182842 +0.0171447 -0.0202888 -0.0196169 0.06288 -1.24 
20* -0.0224081 '0.7790447 -0.2408062 -0.0201356 +0.0161984 +0.0231006 0.07803 4 . 7 6  
21* -0.0296219 0.8262621 -0.24231 87 -0.0269128 0.0192378 0.0310666 0.14917 +1.18 
22* -0.0383200 0.8721353 -0.2444053 -0,0345044 0.0258566 0.0400489 0.13865 0.89 
23* -0.0586669 0.9095826 -0.2545024 -0.0503395 0.0525 125 0.058213 1 0.11269 +0.38 
24* -0.0631426 0.9566726 -0.2527378 -0.0544693 0.0536253 0.0634308 0.08468 -0.45 

TABLE 25 

--I 
6Mo 

1 -1 
6i 142 	 43 aw 19 

=

19.875888 20.198542 -5.342443 -20.826524 0.010771 '18.441160 1.412200
+20.198542 +20.863055 -4.058482 -21.1 97821 +0.000390 +19.053132 +1.038404 
- 5.342443 - 4.058482 +7.018984 + 5.467612 -0.058600 -.- . ........ - - 3.677478 -1.949838
-20.826524 -21.197821 +5.467512 +2ii61453 .-0.001155 -19.357114 -1.3931 89 
!- 0.010771 + 0.000390 -0.058600 - 0.001 155 +7.610174 - 0.988666 +0.826939

18.441160 19.053132 -3.677478 -19.357114 -0.988666 +18.931896 0.525360 
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Ee 

where 


N,=sin 61 sin E, RZ=- sin i COS sin E + cos i cos E ,  

Table 24 gives the system of conventional equations which participate in 
correction of the elements. 

In the first column the number of the conventional equation is given, cor
responding to the number of the normal position. The numbers without aster
i s k s  refer to equations for the right ascension; the numbers with asterisks 
to the declination. In the last column the values of the discrepancies ex
pressed in seconds of arc are given. 

The system of normal equations obtained from the given conditional equa

tions is given in Table 25. Here the unknown values are arranged in order of 

their increasing weights. 


The determinant of the system is very small because of the smallness of 

the arc traversed by Pluto. Therefore, the corrections are determined with 

an accuracy ofonly two or three significant places. Experiments conducted on 

.replacingsome variables by others, and a change in the order of excluding the 

unknown values in the given case, gave no appreciable improvements. 


The systems of normal correction equations for the initial system of 

Plutonian elements obtained after solution, are: 


2Mo= ll1:'84+ 162."76, 
E M = - 67:81 _t 148:'60, 

5."07 4 0:96, 

6i= 4:04_t 1.*02, 

103 



- -  

-- 

-- 

-- 

--  

-- 

6e= 0.00007590 & 0.00002096, 
;a = 0.003106 & 0.009592. 

-
na 

TABLE 26 
. ..._...- __ . . . - __-

Ordi- Before Correc t ion  A f t e r  Correc t ion  
~ - ~ . -1 Universa l  T i m e  

No. 4; Aa 
- . -~. -. .- .  

1 
2 

5 
4 

5 
(i
7 
8 
I) 19.12 Fib .  

10 1933 March. 
11 1931 March 
12 1935 March 
13 1937 March 
1.L 1938 March 
15 19.39 F.eb . 
16 D e c .  
17 1941 March 
18 1942 March 
19 19-14 Feb. 
20 1947 Jan.  
21 19-18 Feb. 
22 1949 March 
23 1950 Feb* 
24 1951 March 

,I I! n 
23.790 i 0.99 40.81 --1.11 i1.95 
12.:YLO;o - - 3.08 +-0.82 -0.70 +1.30 
7.1674 1.17 -4.4(i 4-0.53 237  

29.4285 
23.2823 
6.2.500 

].Si
- '1.58 

+3.0(i
-0.88 

0.67 
03.3 

+%.lY 
+0.38 

24.1 151 
2.0000 

1.20 
- 0.32 

-0.59 
+0.!8 

+O.(i6 
-0.7*'? 

1 .7!)
1.48 

4.0000 
15.0000 
s.oo00 

- 0.95) 
-- 0.1 5 

1.47 

0.13 
0.87 
1.84 

-0.0.3 
+0.0!)
-1.31 

--1.37 
- 0.71 
c0.03 

18.(10CiU
7.G000 

- 1.11+ 0.95 
2.54 
3.14 

-1.21 
40.05 

1.1 I 
I .71 

11.00oo 
18.0000 

- - 0.12+ ?.95 
3.52 
4.23 

-1.05 
-1.5L 

1.58 
1.67 

11 .0000 2.57 3.00 - ~ 0.23 +0.X 
27.0000 3.TJii 1.27 +0.22 -1.30 
3.0000 5.80 0.30 1.72 -2.07 

+ 0.N -0.11 1.74 -0.7!) 

. 

28.0000 i .<h 1.68 1.91 -1.24 
22.0000 8.80 1.98 0.59 - 0.77 
1s.0000 9.38 3.83 0.6 1 , +1.17 
12.0G00 9.41 3.86 +0.32 0.90 
2.0000 9.90 3.01 -0.77 +-0.38 

22.0000 10.61 2.3 t --0.89 . - 0.46 

' 9 '  

Table 26 p r e s e n t s  t h e  normal p o s i t i o n s  by theory  be fo re  and a f t e r  c o r r e c t i o n  
of t h e  elements .  

Below are given t h e  new h e l i o c e n t r i c  e lements  of P l u t o :  

Epoch and Oscula t ion  1930 September 20.0 

Mu=- 275"12' 1I' 14 
0=11242 42.75 I 
i-

=: log 37 51.89 ' 
17 G 37.48 

e -=0.247 07348 
a=39.659 128 

i~ =- 14."206 698 

e c l i p t i c  
and equinox ,1950.0 
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APPENDIX 


I. SYMBOLIC EXPANSION OF PERTURBATION FUNCTION 
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-/- (ee”P’.:,, + . . .) cos ( Vi-M +5M’) 

+ . . .  
+ (e 2 e f 3 ~ i ; ,  . . .) cos (V,+2~ +3 ~ ’ )+
4-(ee/4p1,4I . . . ) c o s ( V i $ M + 4 M ‘ )  

+ (ef5P:;:-+ er7P:;;+ . . .)cos (V ,4-5M’) 
+ . . .  

+ ( e e ” ~ ; : :+ . . .) COS ( Vi+ M -tZM’) 
+ ( e’6Po;60 6  + . . .)cos (Vi+ 6M’) 

+ (ef7p:;;+ . . .) cos (Vi+ 7 ~ ’ )  

2. Terms of First Class /96 
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i- (e3efpf:;:-t . . .) COS (vir -+ 3~ -1- M’J 
-1- (e2er2Pfi;i. i- , . .j COS [vi-k2~ -1- 2~ ’1 

+ [eedp/1.3-1- e e t 5 p 1 3  
1,3 1,3 i-...)cos (Vi -1M -+ 3”) 

-I- (ef4~’gO::+ efGP’gO;i+ . . .) cos (V; +4M’) 

+ (eef5P”.:,, + .. .) cos (v;--M+5114‘) 

+ . . .  
+ (e3efP’3.:,-I+ .. .)cos ( V ~ - 3 M - M ‘ )  

+ ( e 2 e f 2 P t , - 2+ . . .) cos ( v , : - ~ M - ~ M ’ )  

- , , -3+ (ee‘3~‘’.:,-3-+e e “ ~ ” 1 ~  + . * .) cos (V;-M-3M’j 

+ (et4pfOA ehp,0,6 ,
0,-4 1 0,-4 -I- . . .)cos [Vi--4M ‘i 

+ . . .)COS (Vi +M-5k f  1+ ( e e ’ j P f ~ ~ ,  

+ . . .  
+ (e2e f3pt?332,3 + .)C O S  (Vi  -12M + 3M‘)  

i-( e e r 4 ~ ’ i : i+ . , .) COS (vi+M + 4 ~ ’ )  

+ (e f5Pf0.5 I ef7pfo,7 
0,5 7-	

0,j + .+ j  cos (Vi + 5M‘j 

$- . . .  
+ (e2ef3~f2,:,-3:-. . .)cos (Vi-2M-3M ’) ’ 

-I- [ e e f 4 ~ ’ y : , - 4  . . .) cos [Vi:-M-4hI ‘I, 

+ (ef5~f00:5_5 o,-,+er7p037 + . . .)cos (V; -5M ‘1 
$- * a . 

+ (eef5p1:::+ . . .) COS (vi+M +5 ~ ’ )  

-k (e’6P’;:i+ . ..) cos (Vi  +6M’) 

-1- . . . 

-1(eefsPf1.:,.-5+ . . .) COS [vi-M - -5m‘I 

.i-(,,_( e’G P/0,6 -1- . . .) cos ( y - -GM’) 

..-
I 
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- -  

~ _ _  __ 
-7 +0.250000 

11. TABLES OF C O E F F I C I E N T S  OF NEWCOMB'S OPERATORS 

1. O p e r a t o r s  of Zero C l a s s  
... -

i 
D D2 D 0 2  

... .. -- . - .. . 

-ti 
-5 
-4 1.000000 -16.000000 
-3 1.000000 11 - 9.000000 
.-. 2 i.n0oon0 I .- 4.000000 

1 
0 1.000000 0.000000 
1 
2 
3 1.000000 I1 - 9.000000 
4 i.oooooo - ~ ~ . O O O O O O  
5 1.000000 -25.000000 

0.250000.- . 
0.250000 
0.250000 
0.250000 
0.250000 
0.250000 
0 250000.. 

0.250000 
0.250000 
0.250000 
0.230000 
0.250000 

6 1,000000 -36.000000 0.250000 
7 1.000000 -49.000000 0.250000 

~~ 

1 

D 
~. .. . ..

-7 +587.234375 -1 2.156250 
-6 314.437500 - 8.906250 
-5 149.G09375 - 6.156250 
-4 59.750000 - 3.906250 
-3 173--9375 - 2.156250 
-2 + 2.937500 - 0.906250 
-1 

0 0.000000 + 0.093750 
1 
2 

- 0.015625+ 2.937500 
- 0.156250 
- 0.906250 

3 17.859375 - 2.156250 
4 59.750000 - 3.906250 
5 149.609375 - 6.156250 
6 314.437500 - 8.906250 

- 0.015625 - 0.156250 

7 587.234375 -1 2.156250 

i 

D 

- .. I--_.
~ 

~ .. 

+0.250000 -49.000000 +0.250000 
' 0.250000 -36.000000 0.250000 0.250000 

0.250000 -2~5.000000 0.2.50000 0.250000 
0.250000 -16.000000 0.250000 0.250000 
0.250000 - 9.000000 0.250000 0.2.50000 
0.250000 - 4.000000 0.250000 0.250000 
0.2~0000 
0.250000 

- 1.000000 
0.000000 

0.2c;0000 
0.250000 

0.250000 
0.250000 

0.250000 - 1.000000 0.230000 0.250000 
0.250000 - 4.000000 0.250000 0.250000 
0.250000 - 9.000000 0.250000 0.250000 
0.250000 -16.000000 0.250000 0.250000 
0.250000 -25.000000 0.250000 0.250000 
0.250000 -36.000000 0.250000 0.250000 
0.250000 -49.000000 0.250000 0.250000 

- .-. . 

no, 4 
0. 0 __ _ _ - .. 

D2 0 3  
-- - .~ . .  __ 

-5.953 125 40.093750 +0.015625, - - - - ~
-4.328125 0.093750 0.015625 
-2.953125 0.093750 0.015625 -1.828125 0.093750 0.015625 
-0.953125 0.093750 0.015625 
-0.328125 0.093750 0.015625 
$0.040;875 0.093750 0.015625 

0.171875 0.093750 0.015625 
+0.046875 0.093750 0.015625 
-0.328125 0.093750 0.015625 
-0.953125 0.093750 0.015625 
-1.828125 0.093750 0.015625 
-2.953125 0.093750 0.01562.5 
-4.328125 0.093750 0.015625 
-5.953125 0.093750 0.015625 

DI 

. 

-7 -297 I .475694 +141.246094 +43.568142 -1.944010 -0.21 8316 +0.006510 +0.000434 
~ ~-6 -1 137.437500 745364.58. ~...~. 22.290799 -1.402344 -0.150608 0.006510 0.000434 

-5 - 358.767361 34.589844 -9.786892 -0.944010 -0.093316 0.006510 0.000434 
-4 - 83.861112 13.156250 3.306424 -0.569010 -0.046441 0.006510 0.000434 
-3 - 11.406250 3.485677 + 0.599392 -0.277344 -0.009983 0.006510 0.000134 
-2 - 0.381944 -!- 0.328125 - 0.084201 -0.069010 +0.016059 0.006510 0.000434 
-1 - 0.059028._.- 0.066406 + 0.005642 40.055990 0.031 684 0.006510 0.000434 

0 0.000000 + 0.052083 0.118924 ' 0:097656 OI036892 0.006510 0.000434 
1 - 0.059028 -* 0.066406 + 0.005642 t0.055990 0.031684 0.006510 0.000434 
2 - 0.381 944 + 0.328125 - 0.084201 -0.069010 +0.016059 0.006510 0.000434 
3 - 11.406250 3.485677 + 0.599392 -0.277344 -0.009983 0.006510 0.000434 
4 - 83.861112 13.156250 3.306424 -0.569010 --0.046441 0.006510 0.000434 
5 - 358.767361 34.589844 9.786892 -0.944010 -0.0933 16 0.006510 0.000434 
6 --I 137.437500 74.536458 22.290799 -1.402344 -0.150608 0.006510 0.000434 
7 -2971.475694 141.246094 43.568142 -1.944010 -0.218316 0.006510 0.000434 
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i 

D I Dz 
. ~____ II 
O3 I Dl II __

1 
-7 ~2401.000000 -24.500000 -24.437500 $0.125000 -0.062500 ,45.500000 -0.250000 -.0.250000 
-6 1296.000000 -18.000000 17.937500 0.125000 0.062500 33.000000 -0.250000 .0.250000 
--5 625.000000 -1 2.500000 -12.437500 0.125000 0.06'2500 '~2.5ooon0 -0.250000 -..0.250000 
-4 256.000000 - 8.000000 - 7.937500 0.123000 0.062500 14.000000 -0.250000 .-0.250000 
---3 81.000000 - 4.500000 - 4.437500 0.125000 0.062500 7.500000 -0.250000 --0.250000 
.--2 16.000000 - 2.000000 - 1.937500 0.125000 0.062500 3.000000 -0.250000 -0.250000 
-1 1.000000 - 0.500000 - 0.437500 0.125000 0.062500 0.500000 -0.250000 -0.250000 

0 0,000000 0.000000 -1- 0.062500 0.125000 0.062500 0.000000 -0.250000 -0.250000 
1 1.oooooo - 0.500000 - 0.437500 0.125000 0.062500 1.500000 -0.250000 -0.250000 
2 16.000000 - 2.000000 - 1.937500 0.125000 0.062500 5.000000 -0.250000 -0.250000 
3 8 1.000000 - 4.500000 - 4.437500 0.125000 0.062500 10.500000 -0.250000 -0.250000 
4 256.000000 - 8.000000 - 7.937500 0.125000 0.062500 18.000000 -0.250000 -0.250000 
5 625.000000 -12.500000 -12.437500 0.125000 0.062500 27.500000 -0.250000 -0.250000 
li 1296.000000 -18.000000 -17.937500 0.125000 0.062500 39.000000 -0.250000 -0.250000 
7 2401.000000 -24.500000 -24.437500 0.125000 0.062500 52.500000 -0.250000 -0.250000 

__  

i 


-- . .  . 

-7 - 915.250000 
-6 - 469.875000 
-5 - 210.625000 
-4 - 76.750000 
3 - 19.500000 
-2 - 2.125000 
-1 + 0.125000 

0 0.000000 
1 - 1.750000 
2 - 16.375000 
3 - 67.125000 
4 - 189.250000 
5 - 430.000000 
6 848.625000 
7 1516.375000 

I
I-.-
I I 


I 
_ _ _ _ ~  

1 3  
n-1; 1 

. -

D D J  -= 

+16.437500 +10.218750 -0.125000 --O.031250 
11.843750 7.250000 -0.1 25000 -0.03 12.50 
8.000000 4.78 1250 -0.125000 -0.03 1250 
4.906250 2.812500 -0.125000 -0.031250 
2.562500 
0.968750 

1.343750+ 0.375000 
-0.125000~ 
-0.1 25000 

-0.031250 
-0.031 250 

0.125000 - 0.093750 -0.125000 -0.031250 
0.031250 
0.687500 

- 0.062500+ 0.468750 
-0.125000 
-0.125000 

-0.031250 
-0.031250 

2.093750 1.500000 -0.125000 -0.031 250 
4.250000 3.03 1250 -0.125000 -0.031250 
7.156250 5.062500 -0.1 25000 -0.031250 

10.812500 7.593750 -0.125000 -0.031250 
15.218750 10.625000 -0.1 25000 -0.031250 
20.375000 14.156250 -0.125000 -0.031250 

D D' 
-_ _  

-7 
-6 
-5 

+ 5857.906250 
2085.92 1900 
591.979175 

-256.1 66667 
-129.751305 
- 56.817710 

- 96.364558 
- 46.938803 
- 19.192708 

3-3.759115 
2.649742 
1.727866 

+0.569007 
0.386718 
0.235678 

-0.014323 
-0.014323 
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6 1085.671875 419.679688 G4.242 188 4.848958 0.179688 0.002604
7 2215.427083 738.544271 97.664063 6.385417 0.205729 0.002604 
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- -  

rI1, 4 

i 1 . 4  

I D D3 

~ 
7 + 117.851567 - 58.220052 +11.742188 -1.204430 +O.OG2500 -0.001302 

--(j 35.125000 - 22.145833 5.710938 -0.748696 0.049479 -0.001 302 
- 5  6.523440 - 5.860677 2.148438 -0.397135 0.036458 -0.001302 
- 4  0.250000 - 0.552082 + 0.429688 -0.149741 0.023438 -0.001302 
- 3  
-2 
- - 1 

0 
-

0.000000 
0.07031 2 
0.000000 

I - - - - ~~ 

- 0.114584
+ 0.139323 
- 0.333333 

+ 0.023438,+ 0.085937 
- 0.507812 

+0.032552 
-0.032552 
-0.201823 

-0.002604 
-0.015625 
-0.026646 

-0.001302 
-0.001302 
-0.001302 

1 - 4.085938 - 5.220052 - 2.362812 -0.475260 -0.041667 -0.001302 
2 - 26.125000 - 20.708333 - 6.1G4063 -0.852664 -0.034687 -0.00 1302 
3 - 54.4140G5 - 55.485680 -12.476.m 

+ 0.007812 + 0.092448 - 0.070312 -0.006510 +0.0104 17 -0.001?02 

- ~ .~ .  -1.334636 -0.067708 -0.001302~ 

... . ~4 - 256.750000 -120.739586 -21.945313 -1.920573 -0.OR0729 -0.001302 
5 - 585.429700 -230.15755,5 -35.19531 3 -2.610675 -0.093750 -o.ooi302 
6 -1 182.250000 -399.927091 -52.851564 -3.404950 -0.106771 -0.001302 
7 -21 83.507833 -648.735667 -75.539063 -4.303385 -0.119792 -0.001 302 

1 

D D4 0 5  
. . . .- _ .  .~- ._. ._- __  . -. 

- -7 - 6.060417 + 3.784896 - 0.980469 +0.131510 -0.009 1 15 +0.000260 
-(5 - 1.054948 0.939644 - 0.347656 0.066406 -0.006510 0.000260 
-5 - 0.031250 + 0.071354 - 0.058594 +0.022135 -0.003906 0.000~60 
-4. - 0.004948~ . .~.~. - 0.008073 + 0.011719 -0.001302 -0.001302 0.000260

~ 

-3 + 0.006333 + 0.014062 - 0.011719 -0.003906 +0.001302 0.000260 
. . . . ~~  0.000260--2 ,- 0.007031 - 0.049740 - 0.003906 +0.014323 0.003906 

-1 - 0.066667 + 0.113021 + 0.160156 0.053385 0.00651 0 0.000260 
0 + 0.813802 1.314844 0.605469 0.1 13281 0.0091 15 0.000260 
1 5.6 18750 4.868229 1.457031 0.19401 0 0.011719 0.000260 
2 20.332552 12.585677 2.839844 0.295573 0.014323 0.000260 
3 54.939584 26.779688 4.878906 0.417969 0.016927 0.000260 
4 124.424220 50.262761 7.699219 0.561 198 0.019531 0.000260 

.5 249.770833 86.347397 11.425781 0.725260 0.022135 0.000260 
G 458.963802 138.846094 16.183594 0.9 10156 0.024740 0.000260 
7 787.987500 212.071354 22.097657 1.115885 0.027344 0.000260 

-
no, 7 
0. 5 

1 . .. 

0 4  D5 I__  . .  

-7 +0.020074 t0.001345 -0.000260 -0.00001 
-6 0.01 1122 ~0.000011 -0.000152 0.00001 
- - 5  +0.002821 -0.000513 -0.000043 0.00001 

- 4  - -0.002224 -0.000315 +0.000065 0.00001 
-3 - 0,0003471 + 0.026562 4 0.000716 -0.010428 -0.00141 1 t0.000694 0.0001 74 0.00001 
-. 2 + 0.014941 - 0.025781 - 0.036274 -0.0004~15 +0.007867 0.002465 0.000282 0.0000 1 

-1 - 0.01G6G7 - 0.094748 - 0.003602 $0.059125 0.028212 0.005056 0.000391 0.00001 
0 - 0.847710 - 1,081055 - 0.116764 0.170888 0.062229 0.008409 0.000499 0.00001 
1 - 11.743750 - 8.682291 - 0.278754 0.316612 0.112522 0.012543 0.000606 0.00001 
2 - 72.556260 - 39.705424 - 5.455067 0.457237 0.181695 0.017459 0.0007 16 0.00001 
3 - 297.045660 - 130.879297 - 16.048697 0.532867 0,272352 0.023155 0.000825 0.00001 
4 - 944.454004 - 350.167122 - 38.275139 0.462771 0.387099 0.029633 0.000933 0.00001 
5 - 252G.328124 - 810.578993 - 79.537388 +0,145388 0.528537 0.036892 0.001042 0.00001 
6 - 5955.592437 -1686.484375 -149.800944 -0.541677 0.699273 0.044933 0.001 150 0.oO001 
7 -12744.871875 -3232.424609 -261.968793 -1.741656 0.901910 0.053754 0.001259 o.oooo1 
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-- 

-

1 

D 

5 
1 , 5  

0 3  0 4  D5 I ""L 

1117 

-7 - 42.422919 + 29.524480 - 8.755731 + 1.410805 -0.129560 +0.006378 -0.000130 
-6 
-5 
-4 
-3 
-2 
-1 

- 6.329688 
- 0.156250 
- 0.019792+- 0.025000 
- 0.014062 
- 0.066667 

6.166538+ 0.372393 
- 0.029818+ 0.038020 
- 0.095965+ 0.146355 

- 2.555858 
- 0.728647+ 0.05ngi2
- 0.012188+ 0.017058+ 0.103645 

0.572264+ 0.139972 
- 0.011068 
- 0.005858+ 0.030599 
- 0.026693 

-0.072263 
-0.030598 
-0.004557 
+0.005859 
+0.000650 
-0.020182 

0.004815 
0.003253 
0.001691 

+0.000129 
-0.001433 
-0.002995 

-0.000130 
-0.0001 30 
-0.000130 
-0.000130 
-0.000130 
-0.000130 

0 0.000000 - 0.406901 - 0.657422 - 0.302735 -0.056640 -0.004557 -0.000 I30 
1 - 5.618750 - 7.677604 - 3.891145 - 0.922525 -0.108725 -0.006119 -0.000130 
2 - 40.665104 - 35.337630 - 11.972526 - 2.011068 -0.176432 -0.007681 -0.000130 
3 - 164.818750 - 107.808856 - 28.026562 - 3.693360 -0.259765 -0.009243 -0.0001 30 
4 - 497.696880 - 263.263154 - 55.928256 - 6.094402 -0.358723 -0.010805 -0.000130 
5 -1248.854185 - 556.622405 -100.302604 - 9.339190 -0.473305 -0.31 ~ 3 6 7  -0.000130 
6 
7 

-2753,782848
-5515.912570 

-1062.558500 
-1878.493275 

-1 66.524614 
-260.71 9279 

-13.552733 
-18.860023 

-0.603518 
-0.749350 

-0.013930 
-0.015492 

-0.000130 
-0.000130 

- _  

i 

I D D4 0 5  De 
.. 

I 

-7 4- 0.81G688 - 0.791208 + 0.330165 -0.075m9 + 0.009983 -0.000716 +0.000022 
-6 0.015(?25 - 0.038281 + 0.035243 -0.015950 0.003798 -0.000456 0.000022 
-5 - 0.005122 +0.002062 -1-0.000217 -0.000195 0.000022 
-4 -. 0.004861 - 0.000347 4- 0.005946 -0.000760 -0.0007dO +0.000065 0.000022 
-3 -. 0.005789 + 0.008529 - 0.009679 -0.003581 +0.000868 0.000320; 0.000022,
-2 - 0.011111 - 0.048351 - 0.005122 +0.014431 0.005100 0.000586 0.000022 
-1 - 0.067817 + 0.128494 + 0.191493 0.0741 10 0.01 1936 0.000846 0.000022 

0 + 1.012500 1.7 13542 0.877040 0.196289 0.021376 0.001107 0.000022 
1 7.705751 7.256'272 2.473394 0.401801 0.033420 0.001367 0.000022 
2 30.914931 21.181163 5.527431 0.71 1480 0.048069 0.001628 0.000022 
3 92.0951 17 50.287695 10.711024 1.146159 0.065321 0.001888 0.000022 
4 2 ~ ~ 3 7 8 4 7 2  101.250347 18.82 1050 1.726671 0.085178 0.002148 0.000022 
5 498.699240 196.118598 30.779384 2.473850 0.107639 0.002409 0.000022 
6 990.918750 342.8 16927 47.632900 3.408529 0.132704 0.002669 0.000022 
7 1829.950412 565.644813 70.553472 4.551541 0.160373 0.002930 0.000022 

~L ^  

no, 7 

i 0 ,  7 

D 2  I 0 3  v4 j u5 I D= 
0 7  

- 7  - 0.007812 - 0.020257 - 0.0203X 1- 0.010493 - 0.003038 +O.G00499 -0.0000,13 0.00000:! 
--6 o . o n i m  - 0.001073 + 0.00'682 - 0.001335 t0.0001G3 t0.000076 -0.000022 0.000002 
-5 + 0.0011335 - 0.001835 - 0,001671 -t0.001053 +0.000109 -0.000087 0.000000 0.000002 
-4 - 0.003G.11 1- 0.001442 + 0.004091 - 0.000575 -0.000597 +0.000011 ~0.000022 0.000002 
-3  +- 0.008730 + O.OO(i021 - 0.009028 - 0.003613 t0.000G51 0.000369 0.000043 0.000002 
-2 - 0.011532 - 0.050'273 - 0.006521 + 0.015375 0.006456 0.000987 0.000065 0.000002 
-1 - 0.072321 0.150595 + 0 . ~ 3 6 1 5  0.100662 0.019423 0.001866 0.000087 0.00000' 

0 -T 1.276573 221-1367 1.245858 0.317350 0.042155 0.003006 0.000109 0.000002 
1 10.5 IS8S-l 10.6'21993 4.002300 0.751378 0.077257 0.004405 0.000130 0.000002 
2 46.222279 34.367132 10.037359 1.509515 0.127333 0.006066 0.000152 0.000002 
3 149,87078.4 89.693650 21.573068 2.719368 0.194987 0.007986 0.000174 0.000002 
1 402.55019 1 202.8.83125 41.643934 4.529373 0.282823 0.010167 0.000195 0.000002 
5 947.433462 4 13.722340 74.221962 7.108800 0.333446 0.012609 0.000217 0.000002 
6 2019.6962-14 779.440786 124.341656 10.647754 0.529160 0.015310 0.000239 0.000002 
7 3984.652083 1379.148165 198.225022 15.357172 0.693468 0.018273 0.000260 0.000002 
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__ 

--  

2.  Opera tors  of F i r s t  Class 
- _ _  _ _  _ _  - 

i 
-
-5 +27.000000 ~0.750000 
-4 17.500000 0.750000 
-3 10.000000 0.750000 
-2 4.500000 0.750000 
-1 +- 1.000000 0.750000 

0 - 0.500000 0.750000 
1 0.000000 0.750000 
2 + 2.500000 0.750000 
3 7.000000 0.750000 
4 13.500000 0.750000 

-5 22.000000 0.750000 __ 

nig 
1 

= __ ._ 

- .  . - /118
D:1 0 4  

-. 

-1.093750 t6.562500 0.000000 -0.031250 
-0.375000 4.281250 0.000000 -0.031250 
+0.093750 2.500000 0.000000 -0.031250 
’ 0.312500 1.2 18750 0.000000 -0.031250 

10.281250 0.437500 0.000000 -0.031250 
0.000000 0.156250 0.000000 -0.0 31250 

-0.531250 0.375000 0.GOOOOO -0.031 250 
-1.312500 1.093750 0.000000 -0.031250 
-2.343750 2.312500 0.000000 -0.03 I250 
-3.625000 4.03 1250 0.000000 -0.031 230 
-5.156250 6.250000 0.000000 -0.031250-

-0.250000 -283.875000 
-0.250000 - 1  11.R75000 
-0.250000 - 32.750000 
-0.250000 - 5.250000 
-0.250000 - 0.125000 
-0.250000 - 0.125000 
-0.250000 0.000000 
-0.250000 - 6.500000 
-0.250000 - 38.375000 
-0.250000 -126.375000 
-0.250000 1 -313.250000 

___.-
,I

II
-11 

.~ 

DZ 
-~ 

+0.250000 
0.250000 
0.250000 
0.25U00!, 
0.250000 
0.250000 
0.250000 

-

-5 +1.oooooo -36.000000 +0.250000 
-4 1.oooooo -25.000000 0.250000 
-3 1.000000 -16.O00000 0.250000 
-2 1.oooooo - 9.000000 0.250000 
-1 1.000000 - 4.000000 0.250000 

0 1.000000 - 1.ocoooo 0.250000 
1 1.oooooo 0.000000 0.250000 
2 1 .000000 - 1.000000 0.250000 
3 1.000000 - 4.000000 0.250000 
4 1.oooooo - 9.000000 0.250000 
5 1.oooooo -16.000000 0.250000 

+0.250000 -16.000000 $0.250000 
0.250000 - 9.000000 0.250000 
0.250000 1 - 4.000000 0.250000 
0.250000 - 1.000000 0.250000 
0.250000 0.000000 0.250000 
0.250000 - 1.000000 0.250000 
0.250000 - 4.000000 0.250000 
0.250000 - 9.000000 0.250000 0.250COO 
0.250000 -16.000000 0.250000 0.250000 
0.250000 -25.000000 0.250000 i 0.250000 

-0.250000 -36.000000 . 0.250000 0.250000-_.___ 

I 

+ 59.750000 
17.859375+ 2.937500 

- 0.015625 
0.000000 

- 0.015625+ 	2.937500 
17.859375 
59.750000 

149.609375 
314.437500 

ntl, 1 

i -
-1, 
-

1 

D 
==; . ... 

-5 +21.000000 -1.250000 
-4 12.500000 -1.250000 
-3 6.C00000 -1.2.50000
-2 + 1.500000 -1.250000 
-1 - 1.000000 -1.250000 

0 - 1.500000 -1.250000 
1 0.000000 -1.250000 
2 + 3.500000 -1.250000 
3 9.000000 -1.250000 
4 16.500000 -1.250000 
5 26.000000 -1.25OOOO 

__ 

-3.906250 
-2.156250 
-0.906250 
-0.156250 
10.093750

i .wsn-n -.- -_ _ _  
-0.906250 
-2.156250 
-3.906250 
-6. 156250 

~ 

n.0. 4 
0. 0 

-1.828125 +0.093750 
--0.953125 0.093750 
-0.328125 0.093750 
10.016875 0.093750 

0. I71875 0.093750 
+n.o4t im I 0.093750 
20.328I25 0.093750 
-0.953125 0.093750 
-1.528125 0.093750 

__ -. 

10.015625 
0.015625 
0.015625 
0.015625 
0.015625 
0.015625 
0.015625 
0.015625 
0.015625 
0.015625I 0.015625 

-0.25000C -0.031250 
-0.25000C -0.031250 
-0.25UOGC -0.031 250 
-0.25000C -0.031 250 
-0.2501;OC -0.031250 
-0.25000c -0.031250 
-0.25000c -0.031250 
-0.250000 -0.031250 
-0.250000 -0.031 250 
-0.250000 -0.031250 
-0.250000 -0.031 250 

-2.953125 0.093750 
-8.906250 1 -4.328125 1 0.093750 

nil. 3 

D 
-

-0.250000 -115.125000 -c 1 2.156250
I ~ 

-0.250000 - 32.500000 6.437500 
-0.250000 - 4.250000 2.468750 
-0.250000 + 0.375000 + 0.250000 

-.-.. 0.125000 - 0.218750-0.250000 

-0.250000 I + 1.750000 4- 1.062500 

-0.25UOOO 0.000000 ’ 4.093750 

-0.250000 1 - 22.375600 8:875000 

-0.250000 I - 94.625000 15.406250 

-0.250000 -258.000000 23.687500 

-0.250000 ll -565.750000 33.718750 


-1, 1 

+3.3 1250C 
1.593750 

+0.375000 
-0.343750 
-0.562500 
-0.28 1250 
+0.500000 

I .78 1250 
3.562500 
5.843750 
8.625000 
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-- 

-- 
- -  
-- 

-- 

-- 

n.2, 1 
2, - I  

ui ! 


...j -~ 1.3I2500 -1.125000 +0.002500 -;6.000000 -0..~00000 
--.{ - -2.'L.50000 --1.000000 0.0(32500 5.000000 -0.500Oi)O 
--3 -0.6S75CO -0,875000 0.002500 4.000000 --o..~O(JoOO
..-2 9..-,132500 +0.:375000 -0.750000 0.062500 3.000000 -0.500000 
- -1 -i3.625000 0.937300 -0.625000 0.OG2500 2.000030 -0.500n~o 

0 - 0.562500 1 .000000 -0.500000 0.062500 -f 1.000000 -0.500000 
1 0.000000 -;-0.5FP500 -0.375000 0.062500 0.000000 -0.500000 
2 + 0.312500 --0.375000 -0.250000 0.062500 -1 .oooooo -0.500000 
5 - 2.625000 --I .812500 -0.1 25000 0.062500 -2.000000 -0.500000 
4 -1 1.612500 -3.750000 0.000000 0.062500 -3.000000 --0.500000 
5 -30.250000 -6.187500 0.062500 -4.000000 -0.500000 

i 


s 

-5 - 1~6.000000 
-4  45.000000 

3 16.000000
.-.2 ~- 3.000000 
-1 0.000000 

0 - 1.000000 
1 0.000000 
2 ? 9.000000 
3 .:2.000000 
4 75.000000 
5 144.000000 

I 

D D? I 
;9.500000

5.750000 
+1.375000 

1.125000 
-0.12.5000 
--0.125000 

3.000000 0.875000 -0.125000 
1.260000 0.625000 -0.125000 
0.500000 0.375000 -0.125000 
0.7:10000 - 1  0.125COO -0.125000 
2.nooooo -0.125000 .- 0.1250OO 
4.250000 
7.500000 

-0..37.5000 
--0.1325000 

-0.125[.00
-0.125000 

1 1.750000 -0.875000 -0.125000 
17.000000 -1.125000 -0.125000 

-

D 

I' 
-5 --3.500000 +0.~00000 + 19.187500 -3.625000 --0.250000 $0.062000 
...3

4 --2.500000 6.500000 -1,937500 -0.125000 0.062000 
-1.50C000 ! l.O(j3500 - 0.750000 0.000000 0.063000 

-3 -0.500o~n 0.500000 - - 0.125000 ---0.062500 0.125000 0.062000 
- - I  

0 
-i-0.500000 j 0.500000 1 '  O.O(i1'300 7 0.125000 0.250000 0.06'2000 

1.500000 0.500000 ,I ~- 1.750000 -0.1S7500 0.375000 0.0G20(10 
1 2.5C0000 0.500000 8.187500 -1.000000 0.500000 0.062000 
2 3.500000 ' 0.500000 22.375000 - 2.312500 0.625000 0.06,000
3 1..~0(J~001 0..500000 - 47.312500 -4.125000 0.750000 0.062000 
4 5.500000 ' 0..500000 - 86.000000 -6.437500 0.875000 0.062000 

6.500000 1 0.5c0000 ,' 141.437500 -9.250GOO 1.oooooo 0.062000 

.-

I D j ~2 I DJ D' D5 

- 29.0990G3 -i- 8.5(65101 +0.007812 +0.002ti04 
- :3.552088 2.057292 - 0.096354 -0.132812 0.013021 O.O02(iO1+ 0.096'354 -7 0.05413S8 - 0.122396 -0.013021 0.018229 0.002604 
- 0.062500 - 0.06i708 + 0.039062 +0.065104 0.023437 0.002604+ 0.002604 + O.O(i510-2 7 0.138021 0.101562 0.028646 0.002604 

0.3229 17 - 0.171875 - 0.075521 0.096354 0.033854 0.002604 
6.929688 - 0.403646 - 0.851563 t0.049479 0.039062 0.002604 

41.8541 67 + 0.744792 - 2.440104 -0.039062 0.044271 0.002604
153.127604 5.618438 - 5.091146 -0.169271 0.049479 0.002604 
424.781250 17.682'292 - 9.054688 -0.341146 0.054687 0.002604 
986.846354 41.221355 -14.580729 -0.554687 0.059896 0,002604 
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-- 

-- 

- 

__ -~ 
--3 ;126.000000 
--1 62.500000 
-3 24.c00000 
-2 + 4.500000 
-I  - 2.000000 
0 - 1.500000 
I 0.000000 
-1 - 3.500000 
3 - 1s.000000 
4 - 49.500000 
3 -10-1.000000 
-

i 


~ . .. 

-5 -49.875000 
-4 -23.437500 

.~ 

D-: 

-is.s7~0no -0.750000 
-13.125000 -0..500u00 
- S.375000 -0.250000 
- 4.625000 0.000000 
- 1.875000 r0.2.50ci00 
- 0.125000 o.5ooono 
f 0.625000 0.730000 0.I 25000 
+ 0.375000 1.00!1000 0.12.5000 
- 0.875000 1.2,500(;0 0.12.5000 
- 3.125000 1.500000 0.125000, 
- 6.375000 1.750000 0.125000,i 

n,'.1 
-2 ,  1 

- 2.052',00 I +0.875000 
-

/120 

0:000000 -5.x-is~no 
;-8.375000 I -2.062500 

26.00(J000 1.250000 
55.875000 I -:O.OG2500 

101.0000(101 1.875000 

. -__ 

I D 
+0.0(j2.'100 -6.003000 I

10.0G2500 -5.(X):)(l~lo 
0.062500 -4.000000 I 

0.052500 -3.000000 , 
0.06PSfKJ -2.oo0oflo I 

0.01i2.500 
0.06'2~-)00
0.062500 
0.01i2.500 :I o . o m o c  
0.062500 I. 4.000000 i 

'n'o, 1 
0, -1  

-0.1 25000 

-0.12.500 J ' 3.500000 ~ 0.500009 

-0.123000 2.500000 0.500(!30 


-0.1 2.7)ooo -:0.:100000 1 0.50001)0

-0.12.>0(10 , --0.500000 O..i00(100

-0.1250dO -1.500000 0.500009 

-0.12.5000 ' -2,500000 I 0.5000(K)
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- 1.864583 -0,895633 --0.lhG667 -0.01@!17 
- 0.062500 -0.177088 -0.083833 -0.OIO-ll7 
- 0.010417 - t O . O l  1567-+ 0.291667 -0.239583 

2.813750 -1.020633 
9.635833 -2.302083 

22.69791 7 -4.083333 

D 

$22.161459 +2.71 6146 
13.250000 1.950521 
7.088542 1.30989(i. . . ~ - ~I 
3.177083 0.79427 1 
1.015625 0.403646+ 0.103167 -10.138021 

- 0.057292 -0.002604 
-;- 0.031250 -0.01 8229 
- 0.130208 $0.091 146 
- 1.041667 0.325521 
- 3.203125 0.684896 

nr0,5 
n, 5 

D3 

-_-

0.000000 -0.010 4 1  7 
+ 0.063333 --0.010417 

0.166667 -0.0 10417 
0.250000 -0.01 04 17 
0.333333 -0.010417 

0.119792 0.002(iO4
0.098958 0.002iiO-1 

1.636458 O.Oli'2liO-l 
1.015625 0.00260-I 
1.00520s 0.00260-1 
1.026042 0.002604 
1.046875 0.002604 
1.067708 0.002604 

c.... . . -: 

-0.001302 +0.000200+0.00 1302 0.000260 
-3 - 0.049740 . 0.003906 10.014323 0.003906 0.0002U! 
-2 + 0.113021 . 0.160156 0.053385 0.006510 0.0002F0 
-1 1.314844 0.605469 0.113281 0.009115 0.000260 

0 4.86S229 1.457031 0.19401 0 0.011719 0.000260 
I 12.585677 2.839844 0.295573 0.0 14323 0.000260 
2 26.779688 4.878906 0.417969 0.0 16927 0.000260 
3 50.262761 7.699219 0.561198 0.019531 0.000260 
4 86.347397 11.a5781 0.725260 0.022 135 0.0002~0 
5 138.846094 16.183594 0.910156 0.024740 0.000260 

-5 - 0.008073 . 0.011719 -0.001302 
~ ~~~-4 + 0.0140G2 . 0.011719 -0.003906.~ 
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1 

1 n'o,5 
0. -5  

4-124.124220 +50.262761 1! -- 7.699219 +0.561198 
54.93'3554 26.77965X 3.878906 0.4 17969 

-3 20.332552 12.565677 23.39844 0.295573 

-1 .{- 0.813802 1.B 115-14 0.i13281 
0 - 0.066667 + 0.113021 +0.160156 I 0.053385 
1 - 0.007031 - 0.019740 t0.014328 
2 +- 0.006333 + 0.014062 -0.011719 -0.003906 
3 - 0.004948 - 0.008073 --0.011719 -0.001302 
4 - 0.031250 + 0.071354 -0.058591 $0.022135 
5 - 1.054948 0.939844 -0.347656 I 0.066406 

1 I 1 I 

3 .  Operators of Second Class 

n,!'.
1 
1. - 1  

i 
D 

...--. - .  . .. .. ... 

-3 +7.500000 +1.750000 -0.250000 
-2 +2.000000 1.750000 -0.250000 
-1 -1.500000 1.750000 -0.250000 

0 -3.000000 1.750000 -0.250000 
1 
2 
3 

-2.500000
o.ooo(1oo+4.500000 

1.750000 
1.750000 
1.750000 

-0.250000 
-0.250000 
-0.250000 

- -

I 

D 

-._ 

-3 - 1.000000 +0.250000 
-2 0.000000 0.250000 
-1 - 1.000000 0.250000 -4.500000 

0 - 4.000000 0.250000 I 1/ I  -5.000000 

-

D' 

-j-O.0195:!1 

i

I - j0.00021j0
0.0 16927 ! 0.0002fi0 
0.0 14323 0.000260 
0.01 1719 O.OO(J260
0.0091 15.... ~ . . - 0.000260 
0.006510 0.000260 
0.00390~ 1 0.000260 

+0.001302 0.000260, 
-0.001302 0.000260 
-0.003901i 0.000260 
-0.00651 0 1

1 
O.O'jO2(i(J 

1 

/ I  f 1.oooooo 
I1 	 1.oooooo 

1.000000 
1.oooooo 
1.oooooo 

I! 1.000000 
1,000000 

1: 

n.1, 1 
- 1 .  1 

-0.250000 
-0.25000i) 

-2.250000 -0.250000 
-2.250000 -0.250000 

1 - 9.000000 0.250000 -3.500000 -2.250000 -0.250000 
2 -16.000000 0.250000 0.000000 -2.250000 -0.250000 
3 -25.000000 0.250000 0.250000 1' $5.500000 -2.250000 -0.250000

il 

I D i D 
.. - c-_

I I1 I 
-3 +5.000000 -0.500000 I' -0.500000 +0.500000 
-2 4.000000 --0.500000 1; +0.500G00 0.500000 
-1 3.000000 -0.500000 I 1.500000 0.500000 

0 2.000000 -0.500000 !! 2.500000 0.500000 
1 -+1.oooooo -0.500000 3.500000 0.500000 

0.000000 -0.500000 Ii 4.500000 o.5ooono: I I -1.000000 -0.500000 / j  5.500000 0.5oOc)00 
I II I 
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L '  

I 
__._._ 

- o.ix~ono -t-0.00'2500 '1 --,5.000000 -0.500000 
- O.O(iP500 0.062500 /I --4.000000 -0.500000 
- 1.750000 -0.1 87500 0.062500 --3.000000 -0..500000 
- 8.157500 -1 .000000 0.062500 -2.000000 -0.riooooo 
-22.375000 -2.31 2500 0.062500 -1.000000 -0.500000 
- 47.3 12500 -4.125000 
-S6.000000 -6.437500 

D 1 0 3  
-__.__ 

+1.500000 +0.500000 - 1.750000 -0.187500 ;0.375000 j-0.062500
S0.500000 0.500000 - 0.062500 +0.125000 0.250000 0.0fi2500 

-1 -0.500000 0.500000 - 0.125000 -0.062500 +0.125000 0.062500 
-1.500000 0.500000 -t 1.062500 -0.750000 0.000000 0.0625001 -2.500000 1 0.500000 6.500000 -1.937500 -0.125000 O.O(i2.500
-3.500000 0.500000 19.187.500 -3.625000 -0.250000 0.06"00 

3 -4.500000 0.500000 42.125000 -5.812500 -0.375000 0.062500 

-. . -~ 

i 

. . 

..~.. . -

..-. 1 
n.1, I1, 1 

-

. D j 
~ _-

D? 

I[
iI 

/I 
nrn.2 

0 ,  2 
.___ 

1.~ . D . 

~ ~ _ _ _  

-__I D2 .-

-3 
-2 

+0.125000 
0.625000 

j-0.125000 
0.125000 

-1 2.125000 1.I 25000 0.125000 
0 5.000000 -0.250000 -0.230000 1.I325000 0.125000 
1 -f-3.500000 -1.250000 -0.250000 8.375000 2.125000 0.125000 
2 0.000000 -2.250000 -0.250000 13.000000 2.625000 0.125000 
3 -5.500000 -3.250000 I -0.250000 18.625000 3.125000 0.125000 

L _ - =  .- . . --- .- . 
-3 II -7.500000 -3.250000 
-2 -2.000030 -2.250000 0.625000 0.125000 
-1 

0 
1 
2 

t1SO0000 
3.000000 

+2.500000 
0.000000 

-1.250000 
-0.250000 
+0.750000 

1.750000 

-0.250000 
-0.250000 
-0.250000 
-0.250000 

-0.125000 
+0.250000 

1.625000 
4.000000 

+O. 125000 
-0.375000 
-0.875000 
-1.375000 

0.125000 
0.125000 
0.125000 
0.125000 

3 -4.500000 2.750000 -0.250000 7.375000 -1.875000 0.125000 

~ _ _  . .  - .  .____ 

+-1.979167 +0.375000 +0.020833 
0.791667 0.250000 0.020833 

6.104 167 3.666667 
$0.104167 +0.125000 0.020833
-0.083333 O.OUOOO0 0.02083 
+0.229167 -0.125000 0.020833 

0.750000 
0.875000 

0.020833 
0.020833 

-1.510833 
-5.166667 

1.041667 -0.25'7000 0.020833 
2.354167 -0.375000 0.020833 
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111. P A R T I A L  VALUES O F  OPERATORS F O R  COMPUTING 
CORRECTIONS F O R  SECOND TERM 

(Operators from -1, +2, - 4 ,  +8, -16, +32, - 6 4 ,  +128) 

i )
-. 

Z l  I 0.50000000~ 1.50000000~+1 0.50000000( -0.50000000~ 

-1 0.50000000( 0,000000001
+1 0.50000000( 0.375000001 

-1 0.015G2500( 0.000ir0000~ 
f1 0.0 15(Q500( -0.05206333: 

I 	 0.0?517361 I 0.00000000(
0.025173611 0.01388888! 

-1 -0.25000000C -0.75000000(
+l -0.25000000C 0.25000000( 

-1 0.00000000c 0.00003000(
tl -0.~00000000 -0.18750000( 

-1 0.000000000 0.00000000~+1 0.750000000 -0.75000000( 

0.000000000 	 0.00000000C 
0.75000000C 

I 

0.000000000 -0.005208333 
0.750000000 -1.123000000 

-1 -0.015625000 -2.6666613667 
k 1  -1.265625000 0.250000000 

-1 -1.687500000 -3.375000000 
-1 0.187500000 -0.125000000 

-1 1.265625000 1.687500000 
- 1 0.000000000 0.062500000 

3.000000000 
0.000000000 0.000000000 

:;I 1.~500000000 0.000000000 
0.000000000 0.000000000 

-1 1.000000000 0.000000000 
-1 o.ooi)oooooo 0.000000000 

-1 0.031250000 -2.250000000 
~ 1 0.000000000 0.000000000 

1 --

-1 --1 0.000000000 
+1 

0.37500000 

-0.02441306 
-0.10839843 

-1 -0.083333333 
f1 0.000000000 

-1 -0.020833333 
+1 0.000000000 

-1 -0.023137500 
$1 -0.325520833 

-1 -0.002343750 
+1 0.48828 1250 

-1 -0.140625000 
t l  -0.041666667 

-1 -0.04B875000 
1 0.000000000 

-1 -0.016666666 
t 1 -0,337500000 

-1 0.001388889 
-1 0.590625000 

-1 -0.033333333 
- 1 0.000000000 

-1 -0.013563368 
- 1 -0.364735243 

-1 -0.012053571 
.I -0.406349206 



- - - - 

~~ -
i i I i-- - - I129 
0 3.000000000 0 -0.052053333 0 0.75000000C 0 -0.333333333 

0 0.u00000000 0 0.250000000 0 -0.375000000 0 0.416666666 

0 -1 .ooooooooo 0 0.000000000 0 0.375000000 0 0.187500000 

0 0.500000000 0 -0.062500000 0 0.000000000 0 0.000000000 

0 0.500000000 0 0.000000000 0 -0.125000000 0 -0.04 1666666 

0 -0.015625000 0 0.000000000 0 0.000000000 0 -0.010416667 

0 0.000000000 0 1.500000000 0 0.000000000 0 -0.66G666M7 

0 0.000000000 0 -0.750000000 0 -0.1 25000000 0 -0.325520833 

0 5.062500000 0 0.000000000 0 -0.041666667 0 0.000000000 

0 2.000000000 0 0.000000000 0 -0.083333333 0 -0.023437500 

0 1.000000000 0 -0.250000000 0 -1.687500000 0 -0.337500000 

0 -0.500000000 0 -3.375000000 0 -0.750000000 0 -0.0166fjG667 

0 0..375000000 0 -1 .000000000 

I V .  CERTAIN ERRORS I N  THE E X P R E S S I O N S  FOR NEWCOMB'S OPERATORS 

I n  1895, Newcomb publ i shed  symbolic express ions  of o p e r a t o r s  s e r v i n g  t o  
expand t h e  p e r t u r b a t i o n  f u n c t i o n  over  t h e  mean anomalies. 

The v e r i f i c a t i o n s  a p p l i e d  t o  t h e  o p e r a t o r s  i n d i c a t e d  mis takes  i n  t h e  ex
p res s ions  f o r  o p e r a t o r s  of t h e  e i g h t h  o rde r  r e f e r r i n g  t o  an o u t e r  p l a n e t .  

These mis takes  are t h e  fo l lowing:  

1. I n  o p e r a t o r s  n$, @:, n:::, Fl::: a l l  t h e  p r i n t e d  s i g n s  of t h e  numerical  
c o e f f i c i e n t s  i n  t h e  odd degrees  of s u b s c r i p t  2 ,  wi th  t h e  except ion  of two cases  
which w i l l  be s p e c i a l l y  i n d i c a t e d ,  must be  changed t o  t h e  reverse s i g n s .  

2 .  I n  o p e r a t o r  147456.n:$ i n  t h e  express ion  f o r  t h e  c o e f f i c i e n t  D ,  t h e  
f r e e  t e r m  + 5048 must be  changed t o  + 5040. 

3. I n  ope ra to r  184320 $::: (a )  i n  t h e  f r e e  t e r m  t h e  f a c t o r  w i th  i - 2832, 
must be  changed t o  - 1232; (b) i n  t h e  c o e f f i c i e n t  D ,  t h e  f a c t o r  w i th  i, - 1656, 
must be  changed t o  - 2408, and t h e  f r e e  term 8656, t o  6064. 

4. I n  o p e r a t o r  368640 rg;: ( a )  t h e  c o e f f i c i e n t  D ,  t h e  f a c t o r  w i th  i, 
+ 198060, must b e  changed t o  + 185772, and t h e  f r e e  t e r m  - 34992, t o  76464; 
(b) i n  t h e  c o e f f i c i e n t  D2 t h e  f r e e  t e r m  21964 must be  changed t o  21944; ( c )  i n  
t h e  c o e f f i c i e n t  D7 i n  t h e  f a c t o r  w i th  i, + 8 ,  t h e  s i g n  need n o t  b e  changed. 

5. I n  o p e r a t o r  10321920 n,";,":( a )  i n  a f r e e  t e r m  w i th  t h e  f a c t o r  i,
+ 4239088, t h e  s i g n  need n o t  b e  changed; (b) i n  t h e  c o e f f i c i e n t  of D 2  t h e  fac
t o r  w i th  i 4 ,  + 47130, must be  changed t o  + 47040. 

139 



-- 

-- 

The table of corrected changes for the operators is given below. 


147456@: = 1130 

256i*- 3040iS + 133219 - 162GOil+ (- 1024i6 + 90889 -21052i2 + 5040) D + (- 25Gil; + 
+ 4432i4 - 183861'2 + 13068) D2 + (+960iJ - 8340i2 + 13132) 0 3  $ (96i' - 2158i2 + 

+ 6769) 0 4  $- (- 288i' + 1960) Ds + (- 16iz + 322) DI;+ 28 Di + D y  

i84320n2: = 

- 2561'6 - 2496i' - 7440id - 45561'5 +-49681'4 - 11098iS-20996i2 - 1232i -2.33 + 

-I- (- 25Gii - 1280iG + 1696ia + 127209 + 91iJ -273289 -2408i + 6064) D + (+ l28P: + 2064is -!


f 73GOi4 + 23513 -21231i2 - 914i -+ 16236) D2 + (+19215 + 960P - 1980i3 - 11310iz 7 


+ 55i 4-16340) 0 3  + (- 6GOi3 -28551" f-855i + 8549) DJ +- (- 48iJ -28SiY +445i -: 
+ 2492) D; + (- 8i3 + 75i + 398) De + (+4i -t 32) 0 7  + D* 

368640n2: = 

256i6 + 4992ii f 38880ie f 1563286 + 355857i.i + 491126iS + 449504i2 f 266416i + 65536 -!
+ (+ 512i; $- S192iG + 49344ij + 141120i4 + 210506i3 + 209252i2 + 185772i -!-76464) D + 

+- (+25616 + 2208ij + 720il -352301'3 - 869349 -36038i + 21964) Dz + (- 128iS - 28801" 
18920ix - 43420i' - 176141+ 25100) D3 + (- 160i4 - 1720i3 -4050i2 + 3880i + 18839) D' <
+ (- 3 2 9  + 96i2 + 2370i + 5464) Dj  + ( +16i2 + 24% +- 722) De + (+8i + 44) Di + D' 

1290240@' = 

2561's -7488i7 -91280i6 - 6025321'3-- 23428721" -5471214i3 -7485924i2 -5512464i - 1679616 -I 
+ (- 7681'; - 19712i6-205856ij-1128400i4-34967039 -61523849 - 5813688i -2386512) D + 


f (- 896iG - 19152ij - l59G40i' -6486551'3-13566639 - 1397326i -613908) Dz f 

+ (- 4481'5-67209 -31220i3 -283509 + 115157i + 181972) D3 + (+ l540i3 + 19985i2 + 


+ 822851' + 106309) 0 4  + (+ ll2i3 + 2016i2 + 11095i + 18844) 0 5  + (+ 56i2 + 609i + 
+ 1582) 0 6  f (+ 12i + 64) D7 + Dd 

io321920n2; = 

256i.i f9984i7 + 1646401'6+ 14903641'5 f 8034537i4 + 261068921'3 + 49046156ia -+ 472390881' -+ 
+ 16777216 +(+ 1024i' $- 35840ia + 520576;s + 4045440i4 + 1803186013+ 45627204i2 + 
f 59755672i + 30461872) D + (+1792i6 + 55104is -+ 684880id + 4381860i3 -$ 151199021'?+ 
+ 264344361'+ 18049548) D? + (+ 17921'5 + 47010i4 + 47992Oi3 + 23678209 + 56154281 + 

f 5079116) D3 + (+ 1120i4 + 24080i3 + 1889301'2 + 638400i + 779569) Dq + (+448i3 + 73921" +
+ 39620i + 68712) D;,+ (1129 + 1260i + 3458) Dfi + (+16i + 92) D;+ D-
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